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ABSTRACT: We discuss brane webs preserving eight supercharges and derive geometries
produced by them. Consistency conditions of supergravity are shown to impose certain
requirements on the locations of the sources, and these restrictions are found to be in a
perfect agreement with results of the probe analysis. In particular, solutions of IIB SUGRA
describing (p, q) stings are inconsistent, unless the web consists of straight line segments
whose orientation is correlated with charges of the string. The geometries produced by
membranes and D3 branes are only consistent if brane profiles are holomorphic. Using
perturbation theory, we show that a unique gravity solution exists for any allowed distri-
bution of sources. We also revisit 1/4-BPS geometries with AdS, x S9 asymptotics and
derive the boundary conditions leading to regular geometries. All degenerate limits of
regular solutions are shown to agree with expectations from the brane probe analysis.
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1. Introduction and summary

Brane intersections have been instrumental in improving our understanding of black
holes [l and in constructing string realization of interesting field-theoretic phenomena [g].
While the vast majority of work on intersecting branes has been devoted to orthogonal
intersections, studies of branes intersecting at angles, initiated in [f],' led to significant
progress in classifying supersymmetric objects in string theory and to applications to model
building [ff]. The situation becomes especially interesting if intersecting branes have the
same dimensionality of the worldvolume: in this case one can get complicated systems
known as ”brane webs” [fl, [i]. In particular, string webs have emerged in the descriptions
of the dyonic black holes [§, so by finding a geometry produced by an individual web,
one can provide a gravitational representation of a microscopic state contributing to the
black hole entropy. String webs also provide a nice geometric interpretation of various
field-theoretic phenomena [[]. The webs of higher-dimensional branes are even more in-
teresting: unlike the (p, q) strings, which follow straight lines, these objects can have very
complicated shapes. Brane webs occupy a very special niche among curved branes since no
gauge field is turned on along their worldvolume (usually such gauge field acts as a cause
of a nontrivial shape, see [[[(] for a discussion of a prototypical example), and they clearly
deserve better understanding.

Most of the work on curved D-branes has been performed using an open string picture
for the branes [(1]]. In particular, this description has been used to determine the shapes
of the branes and to analyze the supersymmetries preserved by them. However, D-branes
have also emerged as solitons in the closed string theory [[d], which gives an alternative
way of studying their dynamics. Moreover, since the open— and closed-string pictures
describe the same object in different corners of the parameter space [[J], a comparison of
brane dynamics derived from these complementary descriptions should provide a test of
an open/closed string duality proposed in [[3]. In the last decade many such checks have
been performed, but mainly they were done in the decoupling limit, where open string

See also [E] for the discussion of intersections in M theory.



description reduces to field theory [[4-[[d]. It would be very nice to extend this agreement
to the full-fledged duality between open and closed strings.

Unfortunately, in the presence of Ramond-Ramond fluxes, genuine string computations
are very hard, if not impossible, so often one has to rely on low-energy effective actions:
supergravity for closed strings, and DBI action for the open ones. For orthogonal brane
intersections preserving eight supercharges, a perfect agreement between SUGRA and DBI
analyses was found in [[7], and one of the goals of this paper is to extend the results of
that work to the brane webs. To perform a comparison, we will construct the geome-
tries produced by various webs, and these metrics might have numerous applications even
apart from testing DBI/SUGRA duality. Once the agreement between two descriptions
is demonstrated in the asymptotically-flat case, one is naturally led to a correspondence
between various quantities in the near-horizon limit.

In this article we will study the webs constructed from branes with the same dimen-
sionality, and three such systems admit regular near-horizon limits: the webs of D3, M2
and M5 branes. Even for a single stack of branes, a near-horizon limit of the geometry is
not geodesically-complete, and, to recover the entire AdS, x S?, some continuation of the
metric is required [I]. In the case of 1/4-BPS brane webs, an analogous extension leads
to the geometries whose local structure has been determined in [[(§, [[]. Such continuation
corresponds to formulating field theory on R x SP~2 rather than on R“~2  while on the
gravity side it removes infinite throats and replaces them by smooth ”bubbles”. For exam-
ple, the vacuum of the field theory on R x SP~2 corresponds to the AdS,, x S with global
coordinates on AdS space, and 1/2-BPS states in this theory correspond to the smooth
geometries discovered in [R(]. Similarly, 1/4-BPS states in field theory correspond to some
of the solutions constructed in [[[§, [[9], but, according to the rules of AdS/CFT correspon-
dence, only regular geometries (and their degenerate limits) are allowed. This implies that
the local analysis of [[§, [J] should be supplemented by some boundary conditions, and
we will derive them in this paper. As in the 1/2-BPS case (], the boundary conditions
can be formulated in terms of droplets in some Kahler space, but, unlike their 1/2-BPS
cousins, the droplets corresponding to 1/4-BPS solutions cannot have arbitrary shapes. We
will derive the conditions which should be obeyed by the boundaries of droplets, and these
restrictions will be shown to agree with expectations from the analysis of brane probes.
This will serve as one of the checks of the open/closed duality in the near-horizon region.

This article has the following organization. In section f] we review the description of
brane webs in terms of open strings. In particular, we classify the nontrivial 1/4-BPS
webs in IIB string and M theories and show that they either form planar networks built
from straight lines, or follow holomorphic profiles. While most of the results presented in
that section are well-known, it is useful to write them in the uniform notation for later
comparison with gravity analysis.

In section B we derive the geometries produced by the webs of (p,q)-strings, and
we demonstrate that, for consistency of SUGRA, such webs must be built from straight
line segments, and orientation of the segments must be correlated with charges p and g¢.
Although this conclusion comes from supergravity (and it does not rely on any information
about branes), it agrees perfectly with outcome of the probe (or open-string) analysis,



and this agreement can be viewed as a nontrivial check of the open/closed string duality.
Section ff extends such agreement to the webs of M2 branes, where situation is even more
interesting: worldvolume analysis suggests that the membranes must follow holomorphic
profiles, and we confirm this result by an independent computation in supergravity. In
section ] we use various dualities to construct geometries produced by other brane webs,
and we compare with earlier results of [[]. Again, a perfect agreement between probe and
SUGRA descriptions is found.

Notice that the metrics discussed in section [ have been written before [1], but they
have never been derived from the first principles. The authors of [@] proposed an ansatz
which contained a Kahler space fibered over R, enforced the projectors which were ex-
ported from the probe analysis, and checked that all SUGRA equations were satisfied.
While this approach yielded a solution of eleven-dimensional supergravity, it was not clear
whether there were any generalizations, moreover, since the open-string projectors were
introduced by hand, the construction of R1] could not provide an independent check of the
open/closed string duality. In contrast to the approach of []], our derivation is based only
on supergravity, so an agreement with probe analysis appears as a nontrivial agreement.

The authors of [21]] also argued that a solution produced by a curved M2 brane did not
exist. In particular, perturbative arguments were used to conclude that gravity solution
breaks down everywhere in space. However, this statement is somewhat counter-intuitive,
since, starting with probe approximation, one should be able to turn on gravity without
creating problems sufficiently far away from the branes. In section .3 we show that the
divergences encountered in [R1]] originate from the perturbation theory in charges which
was introduced in that paper, but, performing a more natural multipole expansion instead,
one arrives at a well-defined perturbation series which converges away from the sources. We
view this fact as a strong evidence pointing to the existence of the supergravity solution,
and we argue that the "improved” perturbation theory produces a unique geometry for
any allowed distribution of membranes.

The second part of this paper is devoted to studying 1/4-BPS geometries with AdS), x
S asymptotics. While such solutions can be constructed by taking decoupling limits of
the brane webs discussed in sections [, [, the resulting space would not be geodesically
complete. This situation has also been encountered for a single stack of D3 branes, and
in that case the space can be continued to produce a global AdSs x S°. As a result of
such continuation, one finds a string dual of a field theory on a sphere [Lff]. Unfortunately,
it is not clear how to perform a similar continuation for the near-horizon geometry of a
brane web, but, fortunately, the local structure of the desired solutions have been derived
from the first principles [I§, 3, [[J]. In section | we analyze the global properties of the
geometries constructed in [P2, [9] and determine the restrictions imposed by regularity.

The solutions of [P, [J have SO(4) x U(1) x U(1); symmetry, and the metric contains
a coordinate y which goes to zero when either S3 or U(1)-direction collapses to zero size.
Then, requiring regularity of the solution at y = 0, one arrives at some boundary conditions
on this hyperplane. This situation looks similar to the one encountered in the 1/2-BPS
case [R0], where regularity implied that one-dimensional Kahler space was divided into
droplets by assigning one of two values (Z = j:%) to a certain function. This analogy led



the authors of [2J] to propose a similar picture for the 1/4-BPS droplets: it was argued that,
by introducing droplets with Z = i% in 2D Kahler space, one produces a regular geometry.
It turns out that the 1/4-BPS case is more subtle. First, in addition to requiring certain
value for function Z, one needs to impose a restriction on Kahler potential in Z = —%

regions (see equation ([.109)):

Z=—1%, 0,0,K(z2,y=0)=0,
y=0: (1.1)
Z=+3.

The second subtlety is associated with the shapes of the droplets: while they could be
arbitrary in the 1/2-BPS case [R(], now they are restricted by the regularity conditions.
To be more precise, describing the wall between droplets by an equation v(z,, Z,) = 0, one
finds a restriction (p.110]) on a real function v:

0a0pv + N0gvOpv = gOw0yw + O(v),  det(0uvdpw)|y=o # 0. (1.2)

Function w defined here must be holomorphic. The conditions ([L.1) and ([L.9) are derived
in section .3.

While the relation ([L.2) was derived from SUGRA analysis, it is also crucial for ensuring
an agreement with probe calculations. As was shown in [R4], the profiles of supersymmetric
D3 branes in AdSs x S° are described by holomorphic surfaces. In section .4 we extend
this result to branes on an arbitrary 1/4-BPS background,? but, starting from an arbitrary
droplet and contracting it, one can potentially arrive at the sources which do not have
holomorphic profiles. In section p.f we show that it is the restriction ([.J) which prevents
this from happening, and that regular droplets can collapse only to holomorphic cycles
(which can be arbitrary). Moreover, in sections [p.3), (6-4 we also show that holomorphicity
of the brane embeddings can be independently derived both from probe analysis and from
consistency of SUGRA, so, in some sense, a lack of the restriction (|L.4) would have implied
an internal inconsistency of supergravity.

In section f.q we demonstrate that, for the fixed asymptotic behavior, any distribution
of droplets with boundary conditions ([[.1) leads to the unique geometry, and the restriction
on the Kahler potential appearing in ([[.]) is instrumental in ensuring the uniqueness. Of
course, to avoid extra sources on the domain walls, the restrictions ([.7) should also be
imposed.

In section .] we discuss the topology of the 1/4-BPS solutions: we construct two
types of non-contractible five-manifolds, and find very simple expressions for the flux of
F5 through these cycles. This is very similar to the picture encountered in the 1/2-BPS
case [B(]: rather than having sources, the fluxes are supported by non-trivial topology.

Section [f] is devoted to the discussion of 1/4-BPS geometries in M theory, which are
obtained by an analytic continuation of the metrics found in [[§]. Since the resulting
geometries share many qualitative properties with their ten-dimensional cousins, section [
is rather brief: we only underline the differences. While we were not able to construct new

2We also provide a simple geometric interpretation of the radial coordinate introduced in @]



explicit solutions in ten or eleven dimensions, sections .3 and .3 discuss several examples
which are obtained by embedding some old solutions into new ansatze. In particular, we
embed all geometries constructed in [R(J]. While doing this embedding, one notices that
there are striking similarities between ten— and eleven-dimensional solutions, which are not
obvious at first sight. In section § we rewrite type IIB solutions (both in 1/2- and 1/4-BPS
case) in a way which makes an analogy with M theory more transparent.

2. Webs in the probe approximation

We begin with recalling some well-known facts about supersymmetric brane webs in IIB
string theory. Supersymmetry transformations in this theory are parameterized by two
Majorana-Weyl spinors which have the same chirality, and it is convenient to combine
them into a 32-component real object € which satisfies a chirality projection:

€
€= <€1> , lo®Tije=—e: Ii€12 = —€12. (2.1)
2

Ten-dimensional flat space preserves 32 supersymmetries corresponding to arbitrary con-
stant values of €; and ey (modulo the chiral projection). By adding a brane to R*! one
breaks half of the supersymmetries and the appropriate projections are [R5 (see also [q]
for a review):

F1: F:03®F(2), T'e =,
NS5 : I'=03® F(G), T'e =, (2.2)
D(2p—1): I =iofos @ (gp), le=e.

Here I'(5,) is a product of gamma matrices with indices pointing along the worldvolume
of the brane.

Each of the branes appearing in (B.J) preserves 16 real supercharges and there are
two other interesting objects which have the same amount of SUSY — a plane wave and
a KK monopole:

P: P=12®F(2), T'e=¢,
KK : 'r=1,® F(6)7 Te=e. (2.3)

These configurations have a pure geometric nature and they do not involve fluxes.

Once the building blocks preserving half of the supersymmetries are specified, one
can construct supersymmetric intersections by combining the ingredients with commuting
projectors. In particular, it is interesting to look at the orthogonal intersections of branes
which have the same number of worldvolume directions:

F1, D323 D512345 D512345 NS512345 NS512345 (2.4)
Dly )"\ D315 | "\ D512367 | "\ D516789 )~ \ D51267e ) '\ Dbiazag )’
All these configurations preserve eight real supercharges. It turns out that the same super-

charges are preserved by more general configurations which are known as brane webs [f, [].
Let us analyze this in more detail.
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Figure 1: String webs: (a) an elementary junction, (b) a connected web, (c) a generic supersym-
metric web.

String web. We begin with the first system in (2.4). Any spinor satisfying the F'1; and

D15 projectors also obeys the following relations:

I

p9)€ = &

-1
Lipg) = - L+ 2L ). (25
VP q—2 P+ P+ VPt
The I'(, 4) projector corresponds to a (p, q)-string which carries p units of string charge and

q units of D1 charge® [f] (this can be read off from the first bracket in L(p.q))- The second
bracket in (R.5) indicates that the string stretches along the line

gqxr1 — gspro = const, x3,...x9 — fixed. (2.6)

The (p, q) strings which are mutually BPS can be joined to produce complicated string
webs [[i], which are constrained only by charge conservation at the junctions.

In particular, it is interesting to consider a junction with incoming fundamental string
and D1 brane (see figure [lla) and compare it with a general picture for strings ending on
branes [[(]. By charge conservation, the outgoing leg should be a (1,1) string which has
a trajectory

1 = gsT2, (2.7)

and, as expected, for small string coupling this is a small perturbation of a vertical D1 brane.
The general analysis of [I0] suggests that the resulting (1,1) string can also be viewed as
a D1 brane with some electric flux on its worldvolume and a nontrivial profile x;(x2):

E =0y, O3x1 =0 (2.8)

3For simplicity we consider the case of vanishing axion: T = gi +a= gi
s s



Clearly the profile (2.7) solves the Laplace equation, then (R.§) gives an expression for the
electric field. By analyzing the coupling between the electric field and the Kalb-Ramond
tensor in the bulk, one can see that the proper string charge is also reproduced.* Thus we
see that the string junction can be viewed as a simplest example of a bion.

Starting from any junction on the string web, one can draw a plane through the strings
which pass through it, and define Cartesian coordinates (x1,x3) in this plane. Then the
projection (B.§) implies that all legs of the supersymmetric web must be parallel to this
plane, so any connected string web must be planar (see figure flb). However it is also
possible to have disconnected webs which can be constructed by combining elementary
webs oriented in the same directions (see figure [lc). To construct the geometries produced
by the (p,q) systems, it is convenient to begin with metric produced by an elementary
block depicted in figure b, and then generalize it to the case of disconnected webs. This
logic will be implemented in section .

D3-web. Let us now consider the D3-D3 system which appears in (R.4). The preserved
supersymmetries satisfy two independent relations, and it is useful to combine them in the
following way:

109 ® [og1oge = 109 @ Ip1a5€ = €1 Togyse = —e. (2.9)
The last projector allows us to write two more conditions:
109 @ Loroae = —ios @ Tg135€, 102 ® grase = 09 ® 1346, (2.10)
and the relations listed in (P.9), (B-I0) can be summarized in a compact form:

i
i79T0145€ = 50ap6: 2t =wg tixsy, 22 = x4 +izs. (2.11)

As in the case of F1-D1 intersections, we find that this Killing spinor is preserved by a

larger family of branes. To see this, we recall the kappa-symmetry projection associated
with a D brane’® 2§, B7:

D(2p—1): I'=ickor ®

1 g xm
H 8£m /J'O---;U'prl , le=e,

L= \/det(GWOmXﬂanXV). (2.12)

In the case of D3 branes it is convenient to introduce complex coordinates both in spacetime
and on the worldvolume:

Z'=Xo+iXs, Z?2=X4+iXs, w=~E& +is (2.13)

1A similar analysis for a string ending on D3 brane was performed in [ﬂ]
5We assumed that the branes have no fluxes on their worldvolume, but a more general case can be
considered as well.



Then, assuming that Z¢ are functions of w, w and imposing the static gauge in the re-
maining two directions ( X" = ¢°, X! = ¢1), we find

T'e = 10901 Jaot(@ 1Z 5.2 [(8Zb YA YA OZE)Fb5+8Zb 5Z6Fbc—|—825 5ZEI‘BE] €
et(0n L0, £
(2.14)
— N 222 5 E(azb OZ — 2" 9Z%) + 02" DZ T o3 + OZ° 5zcrbm} €.
et(0n L0, 49

To arrive at the second line we used the projector (R.11]). The right-hand side of the last
expression is proportional to e if and only if

07%07° =0 (2.15)

for all values of @ and b. This implies that Z' and Z? must be holomorphic functions,®

then the relation (R.14) simplifies:

Pem—— 1 [3821’ aZb] e=e¢ (2.16)

NE ALY

Thus we learned that a spinor satisfying the projection (R.11]) is preserved by any D3 brane
which follows a holomorphic profile in (Z*!, Z?) directions. In particular, we can consider
a straightforward generalization of (P.4):

71 — aZy = const, (2.17)

which corresponds to a D3 brane with flat worldvolume, and one can form ”D3-webs” by
constructing the junctions of such objects. Of course, more general holomorphic profiles:

[(Z1,Z2) =0 (2.18)
can also be considered, but we will refer to them as D3-webs as well.

Webs of D5-branes. The third configuration in (2.4) has eight supercharges which are
also preserved by an arbitrary holomorphic web x4 + izs = xg + iz7. The simplest way
to see this in to notice that two T dualities relate this configuration of five-branes to the
D3-D3 system discussed above.

The spinors preserved by the fourth configuration in (R.4) obey two independent
projections:

01 ®@o12345€ = €, 01 ® I'p16780€ = €. (2.19)

To analyze whether these projections can be satisfied by any nontrivial 1/4-BPS brane
webs, it is convenient to introduce complex variables:

ZY = xotins, Z2=wxy4+ivs, Z°=ux¢+ive, Z*=uaxg+ixg. (2.20)

6 Alternatively, one could have assumed that these functions are anti-holomorphic, but this would lead
to 'e = —¢, i.e. such configurations preserve the wrong spinor.



In terms of these coordinates the projectors become

1 1
O-1®F01F2121Z222€: —ZE, 0-1®F01FZ323Z4Z4€: —ZE. (221)
Notice that, since we are looking for 1/4-BPS configurations, these relations must be
satisfied by both e_ = %(1 — 01 ®Ig1)e and €4 = € — €_, so we can concentrate on e_. If
one introduces a basis corresponding to each one of the complex coordinates:

Lzl ) =0, Tzl =11, Tzl =0 Tz 1)=I[1), (2.22)
then an arbitrary spinor e_ satisfying projection (2.21]) can be written as
e- =er| TT11) +e2| TTLL) +es| LITT) +ea| LLLL)- (2.23)

To preserve a quarter of supersymmetries, a brane should admit Killing spinors with
independent coefficients e;. Application of the projector (R.13) to the spinor e_ leads to
the relation

4
DX Hm
Te_ =£1 <H —> Ly g€ = PIXM L, XF2 XHS XD o apa€—y (2.24)

and the right-hand side of this expression should be equal to e_. Looking at coefficients
in front of various components of the spinor and requiring them to match for arbitrary
values of eq, eq, e3, e4, we find several relations:

_ _ 1
P[Z1, 7,73, Z4) = 0, PlZa, 2y, Ze; Ze) =0, > PlZas Zas Z, Z) = 1
a,b
P[217Z27Z3724] = ZP[2172272(172(1] = ZP[Z37Z472G7Z0,] =0
a

Z SaSbP[Zay Zay Zb7 Zb] -
a,b

1
Z, S§1 = S92 = 1, 83 = S4 = -1 (2.25)
The first equation implies that (71, Zs, Z3, Z;) are functionally-dependent, i.e. we can
choose a patch where Zy = f(Z1,Z2,73). The second equation in (2.25) implies a

functional dependence between (Z1, Z3, Z3) and any one of the three functions Z;, Zs, Z3,
in particular we find

Zs = f3(Z1, 22, Z1) = f3(Z1, Za, Z5). (2.26)

On the chosen patch we can also impose a static gauge by identifying (Z1, Za, Z1, Z3) with
coordinates along the brane. Since these four coordinates are functionally independent,
the last equation can only be satisfied if f3 is a holomorphic function, then we find

Zy = f3(Z1,22),  Za= fa(Z41, Z2). (2.27)
The two non-homogeneous equations from (R.25) can be combined produce a simple
relation:
4 ) 2 4 07, |2 B B
0= ZZP[Z[I7Z[17ZI)7ZI7] = ZZ o7 P[217Z17Z27Z2]7 (228)

— 10 —



then, since P[Z], 21, Zs, Zg] # 0, we conclude that both Z3 and Z; must be constants on
our patch. This brings us back to the flat brane D519345 which appeared in (@) Thus we
see that, unlike the first three systems in (2.4), the 1 + 1-dimensional orthogonal D5-D5
intersection does not have any interesting generalization analogous to the string webs.

Since D5-D5 intersection and the fifth configuration in (2.4) can be obtained from the
same M theory system:

D512345 \ Rar Ty [ MBp2sas \ ReTo [ NSDpo3a5
— == , (2.29)
D516789 M5 6789 D5 26789
we conclude that NS5 and D5 branes intersecting along 2 4+ 1-dimensional subspace do not
have interesting generalizations.

(p,q)-fivebranes. The last configurations in (2.4) is very similar to the F1-D1 system:
in this case an analog of the relation (R.§) can be written as:

Lpge =6
g5 'p q

-1
gs D q
Lo = | —F——=03+ —F—=01 5 =L | T'1234
[g2 L P [2 L P [g2 £ P [2 L P
+g @+ “+tg @+

This projection corresponds to a (p, ¢) five-brane [[fj stretching in the x1, z2, x3, 74 directions

® Ty

I's +

and along the line
prg — gsqrs = const. (2.30)
This completes our discussion of the 1/4-BPS brane webs appearing in IIB string

theory and now we will make few comments about similar systems in eleven dimensions.

Brane webs in M theory. It is easy to classify the orthogonal intersections of M5 (M2)
branes which preserve eight supercharges:

Mb512345 M512345 M2y (2.31)
Mbi2367 |’ M5i6789 |’ M234
The first intersection is related by U-duality to the D3-D3 system which was discussed

above, so it preserves the same supercharges as a web of the M5-branes with harmonic
profiles:

x4 +ixs = f(we +ix7), x8= a:go), Tg = a:go), T10 = x&%). (2.32)

The second intersection in (2.31)) is related to the D5-D5 system (see equation (.29)),
and thus it cannot be generalized in any interesting way.

The intersecting membranes from (P-3]) can be mapped either into the D1-F1 or into
D3-D3 system (depending on the direction of smearing):

D31256 \ RoTss | M212 \ Ro13 [ F'1y

— - . (2.33)
D33456 M23, D1y

The map to D3-D3 demonstrates an existence of the holomorphic web of membranes, and
the map to F1-D1 will be useful for the discussion in section fj.

— 11 —



Summary. Let us summarize the results of this section. We demonstrated that
nontrivial brane webs preserving eight supercharges fall into two categories: they are
either described by planar networks built from straight lines (this happens for (p,q) strings
and five-branes), or they have profiles which are governed by holomorphic functions of
two variables. After this brief overview of brane webs, we turn to construction of the
geometries produced by them.

3. Geometries produced by string webs

In the previous section we reviewed the open string picture for the brane webs and such
description is applicable for the webs which carry small charge. As the number of branes
becomes larger, the probe approximation breaks down, but one finds another semiclassical
description in terms of closed strings, and often a good quantitative description of the
dynamics is given by supergravity. The next two sections will be devoted to finding the
gravity solutions produced by webs of branes, and in this section we will describe the
geometries corresponding to the webs of (p, ¢)-strings.

In the probe approximation, a generic web preserving eight supercharges contains var-
ious independent ”elementary webs” located in parallel planes (see figure c). To construct
the relevant supergravity solutions, we begin with describing a geometry produced by an
"elementary web” and then find its generalization. The main advantage of this approach
relies on the fact that an ”elementary web” (see figure f]b) has a large bosonic symme-
try, and one can derive the most general solution of IIB SUGRA which has corresponding
isometries. Indeed, if an ”elementary web” is stretched in x1,xo directions, then it is in-
variant under SO(7) rotations in the orthogonal directions. To preserve these isometries,
one is only allowed to excite a metric, an electric three-form, and an axion-dilaton in IIB
supergravity. While it is possible to solve the SUSY variations and to find the most gen-
eral geometry with SO(7) symmetry, we will pursue a different path which will also lead to
geometries produced by other brane webs. Namely we begin with smearing the web in one
of the orthogonal directions, thus reducing the symmetry to SO(6) x U(1). The advantage
of this procedure is that we now have a translational isometry (the Killing spinor is not
charged under the U(1) transformations), so a T duality along this direction leads to a
supersymmetric configuration in ITA theory. A further lift to eleven dimensions yields a
configuration of M2 branes. For example, a fundamental string F'1; and a D1, brane map
into the membranes with following orientations:

M 1 2 3 45 6 7 89
M2p | o o ~ (3.1)
M2p | ~ e o

Due to the smearings, we have translational invariance in x3 and in the M theory direction,
there is also an SO(6) rotational symmetry. Given these isometries, we find that the most
general static configuration of the membranes is described by the following ansatz:

ds? = —e*Adt> + ¢ (dwy — xdws)? + 2P dw? + gyndXMdxN + ezBng
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Gy = dt N Wy A dw®.

In the appendix [A] we found the most general supersymmetric solution which has this
form and, upon translating it back to the IIB theory, we find the geometry which describes
string webs:

ds? = —? a1 4 @A gy dada® + e 73 (d2? + dy? + y2d03), (3.2)
h
?® = 3pd, 00 = —h—”, B=e*hy, dt Ada®, C® = 3y, dt A da®,
11
1 1
hap = 50a00K (e, ), e 34 = det h, an(y‘r’@yl() = —2det h.

This metric was derived under assumption of SO(6) x U(1), symmetry, which can be easily
relaxed: to describe an ”elementary web” with SO(7) symmetry, the expression in the
parenthesis should be replaced by dy? + y?dQ2, and for the geometry corresponding to the
most general web one expects to have an arbitrary dependence upon the seven-vector y:

ds?, = —e?/4dt? + O by da®da + e 34  dy? (3.3)
1
T = h—(ie_sA/2 — hi2), B+iC?® = dt A (hiadz® + ihoedz®)
11
1
hab = 50a05K (), e =det h, A,K = —2det h. (3.4)

These relations give a local description of the solution away form the sources and now
we explain how to incorporate charged objects into this picture. In supergravity one can
account for branes in two different ways: they can either be introduced as sources in the
equations of motion, or their presence can be reflected in boundary conditions. We will
pursue the second option.

Looking at the structure of the two-form potentials, we conclude that the y-directions
should be orthogonal to the branes, so the web breaks into ”elementary planes” located
at specific values of y. Moreover, in each plane the branes go along certain curves
f(x1,29) = 0. Let us introduce w; = wi(x1,x2) as a coordinate along the curve and
define wy = wy(x1,x2) to be orthogonal to it. As we approach a string or a D brane, the
metric component g should go to zero, so 34 should diverge at the profile of the brane.
Moreover, for consistency, the leading order of the metric should split into the longitudinal
and transverse parts:

ds? = VY (—dt? + hy,w, dw?) + e 3B Dy, dwd + dy?), (3.5)

and the expressions in parenthesis should give regular metrics. This implies that functions
P, w, and ﬁwzm = €34 Ry, should remain finite and non-vanishing in the vicinity of the
brane, so in the leading order they must be constant. Moreover, by rescaling w,, we can
set Ry w, = flwzm = 1. This yields the leading contributions to the Kahler potential:

wa W
K:w%+2/ d?IIQ/ dibge 34, (3.6)
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Taking derivatives of this expression, we find the leading terms in the complex two-form:

B+iC® =344t A |duwy Gun 0wy | e dw, Qwy | ;Owz |
o1 0ra 0xy 0o

By definition, coordinate ws is orthogonal to the brane, so the leading contribution to
the two-form potential should not have any components along ws. To be more precise,
one should require that, being rewritten in the orthonormal frame, the wy component of
B +iC'® should either vanish or be a pure gauge. This implies that

<8w2 + '8“’2) — A (3.7)

dry " "Oxy

is a complex constant. In other words, we see that ws is a linear function of z1 and xs.
Then coordinate wy, which was defined as an orthogonal complement of wy, must be linear
as well. The rotation from (z1,z2) to (w1, ws) can be parameterized by one angle ¢:

wy = coS ¢ x1 + sin ¢ xo, wy = —sin¢g x1 + cos ¢ xa, (3.8)
B+iC® = dt A [63A+i¢dw1 + iei‘i’dwg] .

We conclude that the string web must consist of straight elements (z2 = tan ¢ 1) and,
in a perfect agreement with (R.§), the ratio of the D1 and F1 charges is correlated with
orientation of these elements. This agreement between the probe picture and supergravity
solution is a manifestation of an open/closed string duality for the string webs.

The most general solution (B.J) should satisfy the equations (B.4) away from the sources
which, for consistency, should be placed along straight lines in y = y; planes. Such string
webs, along with total charge at infinity, uniquely specify the solution: since each segment
of the string must satisfy (B.§), the distribution of string/brane charge at each junction
is uniquely determined by geometric angles. Once proper sources are specified, one can
use perturbation theory to demonstrate that solution exists and it is unique. To avoid
repetition, we postpone the discussion of perturbative expansion until section [l.9, where
geometries produced by membranes are analyzed. To describe perturbation theory for the
string webs, one would need to pick particular profiles of the M2 branes.

4. Webs of membranes

In the previous section we discussed the geometries produced by the webs of (p, q) strings
and we found a perfect agreement between the profiles of the brane probes and the allowed
sources in supergravity. While providing a very nice check of the duality between open and
closed strings, this agreement was somewhat mundane since the webs were constructed
out of straight lines. In this section we will explore a more interesting correspondence
between the membrane probes and gravity solutions in eleven dimensions, and we will see
that holomorphic profiles naturally arise in both descriptions.
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4.1 Structure of the solution

As reviewed in section f], a membrane intersection preserving eight supercharges can be
generalized to an M2 brane following an arbitrary holomorphic profile. The resulting config-
uration is still 1/4-BPS. In general we do not expect to have additional bosonic symmetries,
but, just as in the case of string webs, one can consider an ”elementary web of holomorphic
membranes” which is located at fixed values of the transverse coordinates. To be more
precise, we begin with an intersection (B.1l) and remove the smearing in z); and x3. The
resulting intersection would preserve the same supercharges as a membrane which follows
an arbitrary holomorphic profile in xps, 1,22, x3. Assuming that all such membranes are
located at the same values of z4,...,x9, we can impose a rotational symmetry in these
directions. Thus we are interested in configurations which preserve U(1); x SO(6) bosonic
isometries in addition to eight supercharges. As the membrane charge becomes large, the
probe analysis would break down, but at some point a geometric description would be-
comes semiclassical, so we need to construct supersymmetric metrics with U(1); x SO(6)
isometry. While such solutions have been written before [RI], that paper started with a
guess inspired by [R§] and checked that supersymmetry conditions were satisfied. This
approach would not serve our purpose of demonstrating the duality between probe and
gravitational description since we need to start with the most general gravity solution with
given symmetries and prove that it has the same degrees of freedom as the probes.” In the
appendix [A] we construct the most general supersymmetric solution of eleven dimensional
SUGRA which has U(1); x SO(6) isometry:®

ds? = —e2Adt? + 2e*4g,3d2dz" + e~ (dy? + y*dQ2) (4.1)
Gy = idt Ad(e3g3dz AdZ), g5 = 0uOpK.

This geometry corresponds to an ”elementary web” of the membranes, and on the probe
side such elements can be freely superposed to produce a most general 1/4-BPS web. Such
web consists of individual pieces located at different values of y, and the gravity counterpart
of the superposition is obvious: one should relax the requirement of SO(6) symmetry. It is
easy to check the the resulting geometry,

ds? = —eXdt? + 2e* g ;d2dz + e Adyd, (4.2)
Gy = idt A d(e3%g,5dz" NdZP), g5 = 0.0bK,

solves SUSY variations and equations of motion,” as long as Kahler potential and warp
factor satisfy two relations:

%6_3‘4 = 81511(8252}{ — 8152K8251K, (4.3)

AyK +2¢734 = 0, (4.4)

"Even solution [@], which was only partially derived, would not give an independent check of the duality:
while constructing that geometry, the authors assumed that there exist complex coordinates in which the
projections imposed on the Killing spinor are identical to those satisfied by the probe branes in flat space.
Thus the agreement between the brane probes and gravity was the basic assumption of that derivation.

8To be precise, we also assumed that the field strength is purely electric.

9Such check would essentially follow some of the steps presented in the appendix C of [ﬁ]
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but clearly (f.) is not the most general 1/4-BPS metric with U(1); isometry.l? Neverthe-
less, based on the physical picture of superposition principle and on the fact that (|.1) is
the most general solution with U(1); x SO(6) isometries, we propose that ([.2) is the most
general solution describing the webs of membranes. For future reference, we also write an

equation which does not contain e4:

019 KOsy — OOy K 0yD1 K — —%AyK. (4.5)

As in the case of the string webs, a local solution ([.9)—(.4) is valid away from the
sources, and equations ([£.3), (f.4) should be modified at the locations of the membranes.
Let us demonstrate that the sources cannot be placed at arbitrary points, but rather they
should follow holomorphic profiles.

Let us consider the solution in the vicinity of the sources. Looking at the three-form
potential

Cy = —ie*Adt A hgdz® A dZ°, (4.6)

we conclude that y-directions should be orthogonal to the membranes. In the four
dimensional space spanned by (zg4,Z,), two directions (we call them vy and vy) should
be transverse to the branes as well, and two remaining directions (w;, wsy) should
parameterize the worldvolume. By definition of the longitudinal direction, in the vicinity
of the membrane the warp factor e” should not depend on wi, w, i.e.

au}AyI{’branc — 0. (47)
This allows us to decompose the Kahler potential into four pieces:
K = Ki(w1,w2,v1,v2) + K2(v1,v2,¥) + Kparm + Ko, (4.8)

so that Ay Kyam and all second derivatives of Ky vanish in the vicinity of the brane. As
we argued above, the brane should be located at a particular value of vector y, so the
Kahler potential can only diverge at a point in eight dimensional space (v1,vs,y). Thus
we conclude that Kj(w;,ws,v1,v2) must remain finite in the vicinity of the brane, so it
can be replaced by the value on a brane: Kj(wi,ws) = K (wy,we, ’ugo),fug))). For the same
reason the v; and y dependence can be ignored in Ky, as well. This leads to conclusion

that the leading contribution to Kahler potential has a separated form

K = Ki(wi,w2) + Ka(v1,v2,) (4.9)
with divergent K and finite Kj. This separation splits equation ([.§) into three
independent pieces:!!

0101K1 0202 K1 — 0102 K1 0201 K1 = 0 (4.10)
0101 Ko 930Ky — 010Ky 0201 K3 = 0
e 34 = (1) ap [0101 Ky 0202 Kp — 010K, 9201 K] = —%Asz (4.11)

OFor example, a system which consists of KK monopones with worldvolumes along 0123456, 0127890
and an M212 brane has the same number of (super)symmetries as @), but it does not fit in that ansatz.

"The second and third equations in this system have different degrees of the singular function K> and
thus they have to be considered separately. The first equation is completely regular.
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By introducing a new function «, the equation ({.1() can be rewritten as a linear system
for K:

8151K1 = a6251K1, 6152K1 = a8252K1. (4.12)
To proceed we need to solve an equation
(81 — Oé@Q)q) == 0, (4.13)

which is satisfied by both 0; K and 0,K;. Method of characteristics reduces this problem
to a system of ODEs:

d@_o' dZ1_1 dzy

E =V E =1, E = —04(21,22,21,22). (414)

which should be solved for zi(s), z2(s), while values of z; and z, are kept fixed. The
solution is parameterized by an integration constant Zs for the second equation:

Z1 =S, Z9 = 5(3721722752) : 22 = 7(21722721722)' (415)

Since the derivative CL% must vanish, function ® can depend on z; and 2o only through

the combination v(z1, 22, Z1, Z2). Then, after redefining arguments of ®, we find that the
general solution of equation (f.13) is

b = Dlzg + V(21 21, 22), 21, 22)]- (4.16)
This allows us to find the first integrals of the equations ([.12):
5ll{l :fl(ZQ+\I’(Zl,21,22)721,22), 52K1 :f2(22+\11(z1,21,22),21,22) (417)

The mixed derivative 0;05K; can be computed in two different ways and the consistency
condition implies that!'?

6151\1’(21, Z1, 22) =0, 6152\1’(21, Z1, 22) =0. (4.18)

Substitution of these relations in (JL17) leads to a restriction on the form of the Kahler
potential K;:

NEK1 = fi(z2 + 9(21), 71, %),

0o K1 = fo(za + (1), 21, 22) - Ki=flat+¥(a).a 2) (4.19)

Since K must be real (up to irrelevant (anti)holomorphic contributions), we arrive at the
final expression:

Ky = f(w,w), w=2zy+ ¥(z). (4.20)

215 the exceptional case where fo = ci1f1 + f3(Z1,22) with constant ¢1, we have a weaker condition
02¥ = ¢10;¥. Comparing other mixed derivatives, we find that, up to (anti)holomorphic functions, K; =
flz2 + V(21,122 + Z1), 122 + Z1]. Then reality of Ky implies that K1 = f[z2 + €121,¢122 + z1]. This is a
particular case of )
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Similarly, equation (f11)) implies that K depends on holomorphic coordinate v, its
conjugate v, and y:

Ky =g(v,0,y). (4.21)

To check the last equation (f.11), we pass to coordinates (w,v) and introduce a
holomorphic Jacobian

_ D(w,v)
T = D (4.22)
Then ([.11) simplifies:
= = 1
| T 20000 K1 0,0, Ky = —3AVK> (4.23)

A consistency condition requires that J = Jy(w)J2(v), then, introducing reparameteriza-
tions of v and w, one can remove the Jacobians completely. Thus we demonstrated that
near the brane there always exists the unique set of holomorphic coordinates (v, w) which
brings Kahler potential to the form

1 - 1
K = §ww + Ka(v,0,y), OpOy Ko + ZAsz =0. (4.24)

Moreover, we showed that the location of the membrane is determined by the relations
y =y, v =0, which implies that in the original coordinates (z,,Z,) the brane follows
a holomorphic profile:

v(z1,22) = 0. (4.25)

Thus we find a perfect agreement with results of the probe analysis (2.18).
Once the allowed brane profiles are specified, it is clear how to introduce sources in
the system ([.3): the equation for the field strength ({.4) should be replaced by

k
0O [AyK + 8det(85K)] = - Z Q(i)(‘)avéb@é(y — y(l))é(z) (v — U(Z)) (4.26)

i=1
Here {y(i),v(i)(z)} give the positions of the membranes and @)(;) specify their charges. To
arrive at (4.2¢), one starts with an assumption that the behavior of the left hand side
near the brane is not sensitive to the effects of the curvature on the worldvolume, i.e. it
can be extracted from the ”closeup” limit in which the membrane is flat. In this limit, the
holomorphic function v can be chosen to be linear in z1, 29, the determinant in the left hand
side of (:24) disappears, and the entire equation ([L.26) reduces to the standard Poisson
equation for the "harmonic” function e=34. Making holomorphic reparameterization of v

in this Poisson equation, one arrives at ([.2).

Equation similar to ([£26) was discussed in [R1]], where it was argued that geometries
corresponding to curved membranes did not exist. This conclusion was reached by demon-

strating that equation (.26) did not admit perturbative expansion: even the second term
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in the series could not be defined anywhere: formally it contained infinite multiplicative
constant. Physically, such divergence seems counter-intuitive: since the effects of the branes
should disappear at infinity, one should be able to define a good expansion at least far away
from the branes. In the next subsection we will demonstrate that the perturbation series
for (f.26) indeed does exist and it is convergent, the curved membranes do produce good
asymptotically-flat solutions, and erroneous statement of [21] was based on an unfortunate
choice of the expansion parameter.

4.2 Solution in perturbation theory

In this subsection we will argue that any allowed distribution of membranes leads to the
unique solution of equation ([l.5). In particular, we will demonstrate that far away from the
branes one has a well-defined perturbation theory, and we will present some evidence that
analytic continuation of this perturbation leads to a good solution. This conclusion is in a
sharp contradiction with the results of 2], where it was argued that neither perturbation
series nor geometry exists for the curved branes.

To expand solutions of ({.2€) in the powers of the charges, one should begin with
specifying the solution at zeroth order in Q(;). Of course, the homogeneous version of (E249)
has many interesting solutions corresponding to various asymptotic behaviors of the metric,
but we would be mostly interested in the case where the space is flat. Then in some
coordinate system (z4, Z,) the Kahler potential can be written as

1
Koy = 5(2151 + 2252). (4.27)

This starting point was also used in [21]], where it was shown that perturbative expansion in
powers of ;) breaks down at the second order. Before defining an improved perturbative
series, let us recall the arguments of [RI]. For simplicity we consider k = 1 and set ya) =0,

'U(l) =01in ()

In the first order of perturbation theory, one gets a Poisson equation:
0Oy [Ay K1 + 4(0101 + 0200) K1 | = —Q0,00,06(y)d(v), (4.28)

which can be easily integrated:

_ Q d2 /d2 _/8/ ( /) _l,;@(zl) @ ,
0,00 K1 = 5 _
o 899 2+ (20 — 2L) (2. — 21)]9/2 (v(z) = vo)
1
= 4.2
80 / e o e PR - )
7, =2, (F5_4)
Here z[(lo)(zg_a) is defined as a solution of the equation v[zl(lo)(zg_a), 25 _.]=0.
The second order of ([.26) leads to a Laplace equation

Ang + 4((9151 + 8252).[(2 = —8det(8c‘§K1). (4.30)
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In particular, it is useful to extract the behavior of the right-hand side of this equation
near the brane (where its profile was approximated by 2z, = hqz2):

0.0K / hg_aﬁ3_bdzd2 . /OO 27Th3_a713_bd7“2
T B e = he2 PR Ty 2 bV hoz — hazf? + he?]OP2
h3—ahs—p - -
~ , h = hihi1 + hah
h[y2 + h_1|h2Z1 — h1Z2|2]7/2 B 2
det(hailb)

det(00K1) ~ (4.31)

h2[y2 + h_l‘hgzl — h122’2]7
Then, trying to solve (§£.30) using Green’s function, one finds a nonsensical answer even
away from the sources:

Ky(z,y) = 8/d4wd6xG(z,y|z/,x) [det(80K7)]

2l x

> G(z,ylz, =0,x = 0)/ a2 dx [det(90K1)],, , = o0.  (4.32)
x24r2<e ’

Here r is defined as a distance from the membrane profile v(z1, 2z2) = 0 in four-dimensional
space spanned by (zg4, Zg)-

This argument led authors of [R1] to the conclusion that perturbation theory in charges
is not well-defined and that the solutions corresponding to curved membranes do not exist.
However, as we will now explain, the naive perturbation theory in ) can be modified and
the resulting series gives a well-defined solution.

First we observe that the expression (f.33) gives a divergent result even far away
from the sources, but infinity comes from the contribution at the location of the branes.
This divergence appeared since the authors of [RI] assumed that equation (f.3(Q) was not
modified near the sources (this was a consequence of making an expansion in powers of Q).
A completely opposite situation is encountered for the multipole expansion: there solution
is regular at infinity, but the series cannot be trusted near the sources. Physically it is
clear that one is interested in the multipole rather than @-expansion, but these two series
can be easily confused. For example, looking at a function

f:;:l—Q—FQ—Q—F (4.33)
- % il S R ERY .
one may conclude that the larger and small-Q expansions look the same,'® but it is
important to keep in mind that the series should not be taken seriously at small values
of r, and one is allowed to modify any perturbative equation for f at r = 0 to ensure the
correct large-distance behavior.

To illustrate such modification, we go back to the equation (f.30Q) and add an extra

term to its right-hand side:

Ay Ky + 4010, + 0205) Ky = —8det (00K1) + QP 6(y)5? (v). (4.34)

13This is expected since Q/r is the only dimensionless parameter in the problem.
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The value of Q(()Z) can be fixed by eliminating the leading divergent contribution to Ko at
infinity (i.e. by requiring the correction to the membrane charge to vanish). To show that
such Q(()z) can always be chosen, we surround the membrane by a shell with radius ¢ and
solve equation (f.34) by restricting integration in ([.33) to the exterior of the shell and by
adding a term proportional to Q02 :

2/ x

K5(z,y) = 8/ d*Zd5zG(z,y| %) [det(90K7)]
r>€e

—Qéz) /d4z'G(z, y|Z, 0)d(2) (v[2]) (4.35)

The first term in this equation diverges as € goes to zero, and the leading pole has the same
_ @

b

functional dependence on (z,y) as the second term. Thus by taking Q(()Z) one can
eliminate the leading divergence in K§(z,y). Notice that leading order in 1/e is also the
leading contribution in 1/r expansion (it gives the charge of the membrane measured from

infinity), so it is convenient to shift Qém by an e-independent term and to require

K5(2,y)

— 7,—1 ) '
TG0 yl2.050 (7)) ~ OV ) (4.36)

Going back to equation (f.3F), we observe that the new leading term in e-expansion
behaves like a potential of a ”dipole membrane” far away from the sources, and it can
be canceled by adding an appropriate local counterterm to the right-hand side of ({.34).
Acting in a similar fashion, one can modify ({.34) by adding a series of extra ”multipole”
sources which are localized on the membrane:

K5(z,y) = 8/ d*2'd%zG(z,y|7, x) [det(00K)]

r>e 2/ x
-3 Q? / A2 AL G2, 5|2, 0)5(9) (v]2)), (4.37)
k

and which make K finite. Of course, once € is sent to zero, the coefficients in front of
these sources would diverge, but the resulting function K5~ is well-defined and it satisfies
equation (f.30)) away form the branes. Then we will define Ky = K5~ as a second term
in the perturbation series in Q:

K =Ko+ QK| + Q*Ky+ ... (4.38)

The same procedure can be repeated for the higher orders in perturbation series. Moreover,
by choosing the finite contributions to Q;g,m), we can also ensure that K, < K,,_1 far away
from the branes and that the first p terms in the series (f.3§) correctly reproduce the first p

—34 can be extracted from

multipole moments of the brane configuration (the moments of e
the probe analysis, then the moments of K are found by integrating ([£.4)). Notice that the
series () should be viewed as 1/r rather than Q-expansion. To make such series possible,
we had to modify the sources at the location of the brane, but since the series ([£.3§) breaks
down long before these points (e.g. the expansion ([.33) breaks down at r» = @, while the

sources are located at r = 0), the vicinity of the branes requires special consideration.
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To summarize, we showed that, while the series in powers of @ does not make sense [R1],
the large r-expansion is well-defined, but it requires introduction of new sources at the loca-
tion of the brane. The 1/r-expansion is expected to have a nonzero radius of convergence,
and the Kahler potential in the entire space can be constructed by analytic continuation
(equation ([.33) gives the simplest example). Moreover, by construction, K satisfies a
differential equation

Q

0(y) log(vv) (4.39)
away from the sources and all multipole moments of K match those of the brane configu-
ration. To prove the relation ([£.24), we need to demonstrate that ([.39) holds everywhere.
Unfortunately, such proof cannot be performed in perturbation theory (since an analytic
continuation was involved), so a better understanding of the nonlinear equation (.39) is
required. However, it seems plausible that, for any given (infinite) set of multipole mo-
ments, there exists only one solution of (f.39) away from the sources. Then it seems natural
to define such solution as a geometry produced by the curved membrane, and, if such so-
lution has extra terms on the right-hand side of ([£.26),'* one should take it as a sign of
breakdown in (4.24): after all, the source terms in that equation came from the simplest
generalization of branes in flat space.!®> However, we believe that the source terms in ([.26)
are correct, and that analytic continuation of ({.3§) satisfies equation (f.39) everywhere.
The argument was outlined in section [I.]: near the brane one expects the curvature effects
to become irrelevant, then (f.26) comes from the source term for the flat brane. It would
be very nice to find a rigorous proof of this proposal.

To summarize, in this subsection we demonstrated that, while the solutions of equa-
tion ([.26) cannot be written as naive series in powers of Q [RI], they admit a well-defined
multipole expansion which converges far away from the branes and which can be extended
to the entire space away from the brane profiles. By construction, our solution shares an
infinite set of quantum numbers with probe configuration, so we declared that our geometry
should describe an appropriate stack of membranes. We also conjectured that an analytic
continuation of the series satisfies a nonlinear equation with sources ({.24). While some
heuristic evidence for this proposal was given, it would be nice to find a more rigorous proof
of the conjecture. It is clear that, while we only discussed a single stack of membranes, the
results also hold for an arbitrary number of stacks.

5. Webs of five- and three-branes

5.1 Summary of the solutions

As we discussed in section [, there are two ways of constructing interesting webs of five-
branes in IIB string theory. Both configurations can be obtained by the chain of dualities

MNotice that our construction guarantees that such terms may arise only on the surface of the membrane.
15The same sources were derived in [E] from the probe analysis, but there it was assumed that geometry
did not backreact to deform the profiles. This assumption is essentially equivalent to taking a locally-flat

approximation for the branes which led to ()
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from the system which we already discussed. For example, starting with a web of mem-
branes, one can perform the following transformations:

M2\ D245\ _ [ Ddizsas (5.1)
M2¢7 D27 Dbi2ze7 | |
!
Ddioas | [ MSaopaas | [ NS5i2345 | _ [ NSBiasas
D41267 M5q0)1267 / D4y237 Dbiasar ],

Tracing the metrics through the chain of dualities, we find the geometries produced by the
webs of five-branes:

1. Webs of D5 branes. Performing the first two steps in (p.]), we find the geometry
describing a web of D5 branes:

dshp = e34/2 [—dt2 + dx3 + 29agdz“d2b] + e 342y (5.2)
Fr = adt A d(e?’Agagdz“ AdZP) A dPx, €2 = 34, 9.5 = 0uOpK.  (5.3)

For this solution Kahler potential should be a function of z,, z, and ys and away for
the sources it should satisfy differential equation:

9.0y [AyK + 8det(90K)] = 0. (5.4)

Repeating the analysis presented in the previous section, one can demonstrate that
D5 branes can be added to this solution, but for consistency of IIB supergravity
they should follow holomorphic profiles v(z1, 2z2) = 0. This conclusion is in a perfect
agrees with results of the probe analysis. In the presence of sources equation (p.4)

should be replaced by (f.26).

2. Webs of M5 branes. Going back to the membrane web and performing dualities
outlined in (p.1]), we arrive at the geometry produced by a web of M5 branes:

ds? = et [—dt2 + dx3 + 2g,5d2"dz°| + e *Ady? (5.5)
Fr = idt Ad(e34g5dz" A dZ°) A d3x.

The regularity conditions work in the same way as before. This ansatz has been
previously discussed in [R§].

3. (p,q)-fivebranes. The web of (p,q) fivebranes is a magnetic counterpart of the string
web. To find a geometry produced by it, we need to assume two translational
isometries in four dimensional subspace spanned by (z,4,Z,) in (@), then applying
the arguments presented in the appendix [A.4, one can show that z, = r, + iw,, and
that nothing depends on w,. We can then reduce this system on w; and perform a
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T duality along ws:

ds%IBE — 34/4 [—dt2 + dx% +d2% + hgpdr®dr®| + e_gA/A‘dy%, (5.6)
1
e’ = nh e, Cp= —%, hay = 50.0K, e =det h.  (5.7)
11

To evaluate the two-form potentials, one needs to perform an electric-magnetic
duality in (p-§), and we will not do this here.

As in the case of the string webs, one can see that the branes must go along straight
lines in (71, 72) directions and that the orientation of the elements of the web is corre-
lated with the amount of D5/NS5 charge (see discussion which led to equation (B.§)).

4. Webs of D3 branes. The last interesting system in (B.4) is a web of D3 branes. To
construct the appropriate supergravity solution we need to apply one T duality to
the D2-D2 system in (5.1)):

dshig = >4/ [dx%l + 2ga5dz“d2b} + e 342 qy? (5.8)

Fy = —id?z AN d(e34g,5dz* A dZb), 2P =1.

The regularity conditions again lead to the holomorphic profiles of the branes
(v(24, Zq) = 0), and the equations of motion with sources become

e 34 = Adet(0OK),

k
020y [AyK +8det(00K)] = = Q1)0av0p06(y — y(3))6(v —v)).  (5.9)

i=1
It is interesting to compare this solution with an alternative description of metrics
produced by D3 branes which was presented in [[[7].
5.2 Alternative description

Let us briefly review the construction of [[7]. In that paper it was shown that all met-
rics produced by 1/4-BPS webs of D3 branes can be written in terms of one function

F(x,y,w):'
ds® = H™'dst | + Hdyj (5.10)
+H{H*h ™! [(0pFdw + 0y Fdy)* + (du + €;;0;Fdx?)?] + hdx3}
Owh = —AxFlyw, H 2=h"10,F|xy. (5.11)

Function F satisfies a system of differential equations:

OrH? + (Ayw)er =0, Aye ™ + AyH? + Ay (00 FOp,wp,w)| e = 0,

18 Equation (.1(]) was derived in [E] assuming translational invariance in u direction. To compare (p.10)
with [@7 one should make two replacements: e #~% — H, ¢72? — h in equation (4.47) of that paper.
The expression for Fs can be found in [ﬂ]
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which allow to determine F uniquely once the sources are specified (see [[7]). In particular,
supergravity equations are consistent if and only if the branes follow harmonic profiles:

{F=px),y=y0} {x=x0,y=y0} (5.12)

To compare with analysis of the previous subsection, we need to introduce complex coor-
dinates in the metric appearing in the curly brackets in (5.10):

dsi = H*h™' [(dF — 0xFdx)? + (du + €;0;Fdz’)?] + hdx}

27 1 h ? h )\
= H*h dF + —0xwdx | + | du — —¢€;;0;wdx’

H? H?
= H*h Y aWwdW + 2(0,w dWdz + cc) + h(4H 2|0,w|* + 1)dzdZ. (5.13)

+ hdx3

The holomorphic coordinates turned out to be z = x1 + ixo, W = F + tu. In the process
of deriving (p.13) we used the following relations:

0 F = —0,Fo,w = —H 2hd,w, e;0;wda’ = i(0,wdz + O;wdz) (5.14)

The Kahler potential corresponding to the metric (5.13) is
_ 1 1 _
K= Z/de SO Ow K = Z@%K = 5H2h—1, 9,0wK = d,w,
0,0.K = Q/dFAxw.

Thus we conclude that the metric (5.10) can be rewritten as
ds® = H'ds} | + Hdy} + 2H ' g;dz"dz". (5.15)

Moreover, one finds that
19
detg,; = ZH , (5.16)

in a perfect agreement with ({.J). Thus we have shown that some of the solutions derived
in [[[7] fit nicely into the metric ansatz (5.5).

6. 1/4-BPS bubbling solutions of IIB SUGRA

In the last three sections we discussed various brane intersections preserving eight super-
charges. However, while deriving the gravity solutions, we made important assumptions
that the geometries were static, and that Killing spinor did not depend on the time
coordinate. The first assumption was motivated by the probe analysis of section ], where
it was shown that brane webs in flat space formed static configurations. The second
assumption originated from the fact that supersymmetric geometries with flat asymptotics
must have a translational Killing vector. For the solutions with more general asymptotics,
supersymmetry only requires an existence of a time-like (or light-like) Killing vector which
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does not have to be hypersurface-orthogonal (i.e. "rotating geometries” are allowed).
Moreover, the Killing spinors might be charged under time translations.!” The simplest
example of the "rotational time-like symmetry” is a translation along global time in AdS
space, but such Killing vector is still hypersurface-orthogonal. On the other hand, by
shifting one of the angular coordinates, one can introduce a new ”time” on AdSs; which
mixes with other coordinates:

ds? = cosh? pdr? + dp?® + sinh? p [d92 + cos? 0(d¢ + dr)? + sin® 0d1/)2] ,

but half of the Killing spinors is neutral under the shift symmetry in 7 (while the other
half is charged). These simple examples show that we can independently relax the
requirements of staticity and neutrality of the Killing spinors.

While study of general 1/4 geometries on spaces with arbitrary asymptotics goes be-
yond the scope of this paper, in this section we will discuss the geometries which asymptote
to AdSs x S°. Such configurations are important for constructing the closed-string descrip-
tion of various states in N' = 4 super-Yang-Mills. Let us begin with recalling the situation
for the 1/2-BPS states. On the field theory side, they are described by excitations of ma-
trix harmonic oscillator, in particular semiclassical states are represented by the droplets
of incompressible Fermi fluid [29]. On the bulk side, one has three regimes which are well-
understood. The operators with small conformal dimension are represented by perturbative
gravitons on AdSs x S°, the operators with A ~ N have semiclassical description in terms of
D branes [B({], and semiclassical states with A ~ N? correspond to regular geometries [R(].
The map presented in [R(]] is very explicit: the boundary conditions for the metrics are
identified with distributions of the fermionic droplets in the phase space. It would be very
nice to have a similar picture for the states preserving a smaller amount of SUSY.

In the 1/4 BPS case, the field theory side is understood, and states are constructed
from two commuting matrices [BI]. On the bulk side, we again expect to have gravitons
for small values of A and branes ("giant gravitons”) for A ~ N. In this case the giant
gravitons are parameterized by holomorphic surfaces 4] and we review this construction
in section .4, As dimension of the operator becomes of order N 2 the geometric descrip-
tion takes over and the local structure of the metric was described in [I]. However, to
compare with field theory, one also needs to specify the allowed boundary conditions and,
unfortunately, this ingredient has been missing. The main goal of this section is to clarify
the admissible boundary conditions for the geometries and to show that they are consistent
with expectation coming from both field theory and brane probe analysis.

6.1 Local description

Let us recall construction of bubbling geometries preserving 8 supercharges. On the field
theory side, 1/4-BPS states can be represented as "words” constructed out of two com-

17Such symmetry is usually called ”rotational” to distinguish it from the ”translational” symmetry where
the spinors are neutral.
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muting matrices'® X, Y. Starting with elementary building blocks
tr(X™MY™"?), (6.1)

one can write the most general state by combining various products of traces. Since matrix
Z does not appear in the wavefunction, all 1/4-BPS states are invariant under U(1) rotation
Z — €"Z. In the context of AdS/CFT one is interested in the field theory defined on
R, x 83, and it turns out that for a state (6.1]) to preserve SUSY, it can only contain
zero modes of X and Y on S3. This implies that 1/4-BPS states have an SO(4) x U(1)
symmetry which should also be preserved by their gravity duals. Moreover, the states
constructed from building blocks (B.1) are also symmetric under exchange of Z and Z.
This implies that the dual metric should be invariant under Zs symmetry ¢ — —1, and
this angle should not mix with the remaining coordinates.

The local supersymmetric geometries with SO(4) x U(1) isometries have been con-

structed in [p3, [[9]:1°

2

1
2

F;5 = {—d[y2e2G(dt + w)] — yPdw + 2i00K } A dS3 + dual

ds?y = —h72(dt + w)* + h? DuOpy K dzdz” + dy? | + y(eCd03 + e~ Cdyp?)

1 1
h™2 = 2ycoshG, Z= 3 tanh G = —§y8y(y_18yK)
1 -
dethg =y (Z - 5) exp [y 10, K| W (2)W (%) (6.2)

d = (00,0, d="dz" — 0,7 d="dy + By ZdZady) = %d Eéayfc - éaayK

i
Y
Using reparameterizations, we can impose the gauge W = % Since y coordinate is equal
to the product of two warp-factors (one for S3 and one for S'), we should impose certain
boundary conditions to avoid singularities at y = 0 hypersurface. This issue will be ad-
dressed in section f.5, here we just observe that when S® contracts to zero size (while gy
remains finite) function Z is necessarily equal to —%, while Z = % when 1)-circle collapses.
This situation is completely analogous to the picture for the 1/2-BPS states [(], but, as
we will see later, regularity for the 1/4-BPS case leads to some additional requirements.

6.2 Examples

Before discussing the boundary conditions for an arbitrary 1/4-BPS solution, it might be
useful to consider some examples. In particular, the simplest example of geometry which
fits into the ansatz (.2) is AdSs x S°, although coordinates used in (f.2) are not very

18We are using the standard notation for adjoint scalars in ' = 4 theory: six matrices ®1,...®s are often
combined into three holomorphic objects X = &1 4+ i®2, Y = &3 + iDy, Z = P5 + iPs.

19Solution (@) is written in the notation introduced in [@] More general family of 1/4-BPS geometries
with SO(4) x U(1) isometries was constructed in [@], but due to the mixing between U(1) direction and
other coordinates, these solutions break Z2 symmetry, so they are not relevant for describing the states (EI)7
and we will not discuss these metrics further.
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standard. Another important example is given by a family of 1/2-BPS solutions which
have an enhanced SO(4) x SO(4) symmetry [RJ]. In this subsection we will embed these
two solutions into (f.2).

6.2.1 AdS;xS® as a 1/4-BPS state in a theory on R x S?
Starting from the standard metric on AdSsxS°:
ds* = — cosh? pdt® + dp?® + sinh? de%
+sin® §dyp* + d6? + cos® 0 [cos® ade + sin® ade + da?] (6.3)
it is easy to find the change of coordinates which leads to (f.J). The appropriate map

was derived in [23), and here we just write down the answer which will be used later on.
Following [23], we introduce complex coordinates

21 =rcosae Pt oo = rsinael @), = cosh pcos . (6.4)

By construction, the subspace spanned by (zg, Z,) is orthogonal to y = sinh psin €. Then
direct computations lead to expressions for the Kahler potential:

1

K = 3 [\I' —log ¥ — 3% log(¥ — 72) 4+ 3% logy — y2] , (6.5)
1 1

V= §(r2+y2+1)+\/Z(r2+y2—1)2+y2,

for the one-form w, and for the function Z:

h? h2
cosh? pIm(»?lel + Zodzo), Z = 7(7’2 +y?—1), h~?=sinh?p+sin6. (6.6)

w =

It is interesting to look at the boundary conditions for function Z at y = 0. Since y is a
product of two functions, the hypersurface y = 0 is divided into two regions:

1
p=0: r=cosf <1, Z:—E,

1
0=0: r =coshp > 1, Zzi’
and the boundary between the regions is a three-sphere in C?:
2121 + 29Z2 = 1. (67)

6.2.2 AdS;xS® as a 1/4-BPS geometry with SO(4) R-symmetry

While we will mostly be interested in the representation ([.9), there is an alternative way of
embedding AdS5 x S° into the general 1/4-BPS ansatz (.9). Unlike (6.5) which preserves
the sphere from AdS5 (this fact makes (B.5) useful for studying normalizable states in SYM
on R x S3), the other representation breaks space-time rotational invariance, while keeping
a large part of the R-symmetry group.
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To find such alternative embedding, we begin with rewriting the metric on AdSs x S°:

ds? = — cosh? pdt® + dp? + sinh? p [Sim2 adip? + cos® adB? + doz2]

+df? 4 cos? 0dp? + sin® #dN2 (6.8)
Looking at the warp factors, we can easily extract y and e“:
in 6
y = sin @ sinh psin eC = L, h~2 = sinh? psin2 o+ sin? 0 (6.9)
sinh psin «

To put the metric (5.§) in the form (B.3), one need to shift the angular variables (3 = 3+t,
b= ¢+ t), this will ensure that in the new coordinates g, = —h~2. Such shift also
introduces mixings between time and angular coordinates and one can easily read off the
relevant one-form:

w = —h?%(sinh? p cos® adf + cos® Odg) (6.10)

The Kahler base is parameterized by the two angles (3, ¢) and two more coordinates which
should be orthogonal to y. Starting with three-dimensional space spanned by (p, «, 6), one
can use the metric (f.§) to construct a subspace orthogonal to , and to show that it can
be parameterized by

x1 = coshpcosf, x9 = tanhpcosa. (6.11)

It is now easy to invert the relations between (p, o, 0) and (z1, z2,y):
1

2(1 —x3)

1 2., .2 1/2 2

cos@zﬁ{l—l—r +y —\/(1+r2+y2)2—4r2} , r=x1y/1— 3

1/2
V11— a3 [—2y2+:ﬂ%(r2+y2—1+\/(1+r2+y2)2—4r2)] /

1/2
1+ VAT 2P -4

coshp =

sina =

6.12
V2 23(r2 +y2 — 1) + 2§ — y? (6.12)
Using these expressions, we can rewrite e“ and Z as functions of (x1,z9,%), and the
expression for Z turns out to be especially simple:

1 r?4y?—1

Z=—= 6.13
2/(1+r2+y?)? —4r? (6.13)

As expected, at the y = 0 surface this function takes only two values: Z = :l:%. Since Z
is related to the y-derivatives of the Kahler potential by one of the equations in (f.3), we
can extract the expression for K:

1
K = — R+ (> +2)log(1 +7>+3°+R)
2 2 2 2 2
o (r*=1)R+ R* —y*(1 +r* +y*) 2
Y log{2 T 1)2 + Ko+ y° K (6.14)
R=(1+12+y2)? 42 (6.15)
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The ”integration constants” Ky and K7, which may depend upon the coordinates on the
base, will be evaluated below. Even though a significant part of the Kahler potential
has been determined, it cannot be used to calculate the metric unless the proper complex
coordinates are found. Comparing the structure of (f.10) and (.9) and noticing that Kahler
potential does not depend on the angular variables, one concludes that such coordinates
must have the following form

. . 1
=11, =19’ w= @Gy [r101 Kdo + ro0s K df] (6.16)

Comparing this with (B.10) and performing y-integration, we find the expression for the
derivatives (up to y-independent functions):

1 _ 2(,,2 R _
TlalK: —(1—i—y2 _R)+K2, TgagK: —M-ﬁ-Kl (617)
2 2(1 —x3)
For these relations to be consistent with (§.14), we must set
1. r(1—ax3)
mn=r Ty, T2 = T2, 1=5 0g 21 (6.18)

One can also express K; and K> in terms of derivatives of Ky, but we will not discuss this
further.

To complete the expression for the Kahler potential we still need to evaluate Ky, and
the easiest way to do so is to look at the metric on the y = 0 surface. In particular, a
restriction of the metric on the base to the two-dimensional subspace spanned by (¢, 3, ¢)

is given by
o) 0

TToar K

Jdlogr, 01

% dpaddy, = [h2ck(sh? + s3)det + c(shis? + 1)d¢3 + 2sh2c2cgdpdes]
and looking at this relation at y = 0, we find the expression

2
Ko = TZ — log . (6.19)

One can check that the resulting Kahler potential satisfies the Monge-Ampere equation.
Let us summarize the data for the AdSs x S°. The four-dimensional base is parame-

]

terized by the complex coordinates (f.1() and the Kahler potential is given by (p.14) with

7r<1_w%)+r—2—logr r= "

21 4 -2

As already mentioned, function (f.13) takes values :I:% on the hyperplane y = 0, and
regions with different signs of Z are separated by the surface

2
Ko+ 12Ky = % log ro =19  (6.20)

r2=1: 2121 + z0Z0 = 1. (6.21)

Although this relation looks the same as (p.1]), the base spaces for two descriptions of
AdSs x S° are very different. While (6.7) represented a sphere carved out of C%, in the
present case z coordinates cover only a cylinder |z3] < 1. Notice that the infinity of AdS
space is mapped into the region |z1| = co and into the boundary of the z,-circle (|z2| = 1).
The boundary conditions for two representations of AdSs x S° are depicted in figure .
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12, 4 122

1z

(@) (b)

Figure 2: Boundary conditions corresponding to two embeddings of AdSs x S°: (a) spacial sphere
S3 is preserved, (b) SO(4)-part of the R-symmetry group is unbroken.

6.2.3 1/2-BPS bubbling solutions

While AdSs x S° (along with pp-wave) presents the simplest example of a metric which
can be embedded in the ansatz (p.2), there is also a more general class of known solutions
covered by (6.9). Unlike a generic metric (6.9), these geometries preserve 16 rather than 8
supercharges, and they have a very explicit description in terms of solutions of the Laplace
equation [R0). Thus it is useful to embed these geometries into the general ansatz (§.2).
We begin with recalling some basic facts about the 1/2-BPS geometries constructed
in [B0). The metric and fluxes are parameterized by one function which depends on three
variables: Z (7,2, %), and, with slight notational modifications, the solution of [20] reads:

ds? = —h7%(dt + V)? + h*(d2® + dzdZ) + zef dQ% + ze ™ d03,
1

74+ 1
Fy = ——d |22 (dt + V) + 22 x3d 3 A dQ23 + dual, (6.22)
4 z?

- P N .1
h~2 = 2z cosh H, (dV),z = é@xZ, 20,V =i(dz0, — dz05)Z, Z = 5 tanh H,

This construction gives a supersymmetric solution of IIB supergravity as long as function
Z satisfies a linear differential equation:

40,057 + 10, <8ZZ> =0. (6.23)

Moreover, as shown in [R(], the system (5.23) describes a smooth geometry if and only if
function Z obeys some special Dirichlet boundary conditions in the plane x = 0:

or Z = —1. (6.24)

=0: 7 =
o 2

N =
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Y \

(a) (b)

Figure 3: Boundary conditions for the 1/2-BPS geometries of [@] (a) giant graviton and a dual
giant, (b) generic distribution of droplets.

Thus the entire plane is divided into two types of regions and a typical boundary condition
is depicted in figure fib.

To compare these 1/2-BPS geometries with (B.g), we identify the three dimensional
sphere appearing in (.3) with S? in the metric (f.29), while embedding the Killing direction

Y from (6.3) into S°:
dQ2 = db? + cos® Odyp? + sin® 0dg?. (6.25)

Such identification follows from the field theory analysis. Our goal is to describe states in
SYM on R x S® which are constructed from elementary blocks (B1). To preserve super-
symmetry, one should look only at zero modes on S2, this leads to the direct embedding of
dQ3 into the ansatz (f.2). The second sphere in (.29) came from the SO(4) R-symmetry
preserved by TrX", and a generic state constructed out of (6.1]) breaks this isometry to
U(1). To identify the embedding of this U(1) into SO(4), one should notice that the later
group can be viewed as a set of rotations in four directions, while U(1) corresponds to
rotations in one plane. This immediately leads to (p.25), in particular, it is clear that
1 coordinate, which corresponds to the U(1) translations, should be orthogonal to other
directions. Notice that the 1/2-BPS geometries (.29) can also be embedded into different
class of 1/4-BPS solutions constructed in [BJ] by treating & + 1 rather than v as a Killing
vector preserved by the 1/4-BPS geometries. The corresponding embedding was discussed
in B2, B3|, but it appears to be irrelevant for viewing states [, TrX"™ as a subset of objects
constructed out of (B.1)).

To summarize, we have argued that to embed the geometry (f.23) into the ansatz (.9),
one needs to equate dQ% appearing in both expressions and identify ¢ direction of (@)
with corresponding term in (B.2§). Also the time coordinates in (6.3) and (f.23) should
be the same, but it turns out the coordinate ¢ appearing in (b-23) does not belong to the
subspace spanned by y and Kahler metric, while the shifted variable ¢ = ¢ + ¢ does.2

20The simplest way to see this is to compare the coordinate dependence of the Killing spinors in 1 /2
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Starting with this identification, one can construct the complete map between 1/2-BPS
and 1/4-BPS variables. The technical details are presented in the appendix B.1], and here
we just summarize the results. First of all, it turns out that, to perform an embedding,
one needs to rewrite (p.23) in terms of a new function D which is defined by the relations:

20, D == —27, V= —i(dz0, — dz0:)D. (6.26)

N =

The linear equation for Z implies that D must be harmonic:
40,0:D + x710,(z0,D) = 0. (6.27)

The coordinates z, and y appearing in (.9) can be expressed through their counterparts

from (6.23):
y=mxcosl, 2z =z 2z =xsinfe PO (6.28)

The 1/2-BPS metrics are governed by Z,thel /4-BPS ones are parameterized by the Kahler
potential K, and the relation (B.16):

y '0,K =2D —logy (6.29)

maps one description into another. Equations (5.26), (6.2§) (p.29) provide local embedding
of (6.22) into (p.3), and now we will relate the boundary conditions in these two cases.

We begin with observing that for the 1/2-BPS states the boundary conditions ([6.24)
can be reformulated in terms of D:

x=0: D=0 or 0,D= é + O0(29). (6.30)

The first relation comes from the regularity condition (Z = +3 + O(z?)) for the solutions
of (b.29). Notice that the boundary conditions (6.30) are identical to ones found for
eleven-dimensional bubbling solutions in [R{], and this analogy will be further explored
in section §. To interpret (6.3() in terms of the variables appropriate for the 1/4-BPS
case, we need to rewrite the boundary conditions (f.3(]) in terms of y-derivatives. Using
relations (B.19), we find:

cos =0: 0,D =0,

y=0: cosf #0: 0,D=0 or %Dz%—i—@(yo).

(6.31)
Using (629) and (f.J), one can see that this translates into the correct boundary
conditions?! Z = :l:%, and now we will try to extract the shapes of the 1/4-BPS droplets.
As in the 1/2-BPS case, the y = 0 hyperplane is divided into regions with d,D = 0 and

and 1/4-BPS cases, but one can also use a purely bosonic argument based on matching g¢+ in @) (see

appendix @)
21 As we will see in section @, regularity also leads to an additional restriction on Kahler potential. This
requirement is satisfied by the 1/2-BPS geometries, but we will not present the proof.
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(a)

Figure 4: Correspondence between boundary conditions in 1/2-BPS (a) and 1/4-BPS (b) cases.

OyD = 5, and pictorially one can use two different colors to distinguish between them. In
the regions with 0,D = % + O(y?) one has the following relations:

z =0, D =logz + D(z,2) + O(x), (6.32)
which allow us to rewrite (6.2§) as
y=0, 21=2, 22 =-sin ge—D+is (6.33)

This implies that the bubbles with 9, D = 5 are defined by inequalities involving |z2| and 2;:
1 —D(2,%)
OyD = ; : |z2] < e ), (6.34)

In particular, the coloring of the ¥y = 0 hyperplane is invariant under phase shift in zs,
and an example is presented in figure fb.

To summarize, we demonstrated that 1/2-BPS bubbling solutions of [R{] can be em-
bedded in the more general ansatz (f.4), and the map between two descriptions is given
by (b-29), (p-29). Moreover, the 1/2-BPS geometries correspond to very simple boundary
conditions in y = 0 plane: the walls between regions with 9,D = 0 and 0,D = % are
determined by the equation

293 = e 2D(17), (6.35)
where D = D — log x is a finite part of the harmonic function in the Z = —% region.

6.3 Boundary conditions I: D branes

Let us now go back to the solution (6.9) and discuss supersymmetric D3 branes in this
geometry. It turns out that there are two types of branes preserving eight supercharges,
and, just as in the case of the D3-webs discussed in section [}, their profiles cannot be
arbitrary. In this subsection we will show that a consistency of IIB supergravity leads to
some restrictions on the locations of D3 branes. In the next subsection we will demonstrate
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that the allowed profiles are in a perfect agreement with results of the probe analysis. The
SO(4) symmetry required by the SUSY algebra leads to two distinguished classes of branes,
and we discuss them one-by-one. Using terminology of [B(], the first class can be called
"giant gravitons”, while the second type represents ”dual giants”.

1. Giant gravitons and holomorphic surfaces.

Let us consider branes which do not wrap the three-sphere. To preserve the SO(4)
symmetry, these branes must be located at points where the radius of S3 goes to
zero, then, to avoid singularities in g, ¥ must vanish at the locations of the branes.
Looking at the structure of Fy, we conclude that, in addition to being extended in t,
the brane wraps 1-direction. We can introduce two additional coordinates (wi,ws)
on the D3 worldvolume, and they should be functions of (z,,Z,). Following notation
of section [I.], we use (v1, v2) to parameterize the complement of (wq,ws) in the four-
dimensional space spanned by (z4,Z,). In the vicinity of the D3 brane the leading
contribution to the radius of S® should not depend on the longitudinal coordinates,
then definition of Z implies a decomposition (f.§) in the Kahler potential. Then,
repeating the same arguments that led to ([L.9), we can write the Kahler potential as
a sum of two terms

K = Kl(wl,U)g) + KQ('Ul,'UQ,X) (6.36)

with divergent K and finite K;. Substituting this expansion into the Monge-Ampere
equation appearing in (.9), and matching finite w-dependent terms, we find a relation

8151[(1 8252K1 — 6152[(1 8251[(1 =0, (6.37)

which have been encountered before (see (.1()). As was shown in section [.1], this
relation implies that w = wy + fwy is a holomorphic function of z1, z,. Then one
can reparameterize the space transverse to the brane, so that v = vy + vy is also
holomorphic. We conclude that consistency of IIB supergravity requires the D3
branes to have a holomorphic profile in (z,, z,) directions. This conclusion agrees
with the results of the probe analysis presented in the next subsection. It is also
consistent with the fact that the D3 webs are described by holomorphic curves (see
section ), since asymptotically-flat webs can be obtained from the bubbling solutions
by the procedure outlined in section p.§

2. Dual giants.

Let us now consider the D3 branes which wrap S2. To have a Lorentzian worldvol-
ume, the brane should also be stretched along time direction, then six coordinates
(Za, Za, Yy, 1) can be used to parameterize the directions transverse to the brane. In
particular, to preserve U(1) symmetry, the metric component gy, should go to zero
at the location of the brane, then, to avoid a divergence in the warp factor of the
sphere, we must require that y = 0. Thus we conclude that the symmetries of the
problem require the ”dual giant gravitons” to be located at the points

y=0, z,=20. (6.38)

a
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To summarize, we demonstrated that, to have a consistent supergravity solution with eight
supercharges, one should only allow two types of D-brane sources: they should either follow
holomorphic profiles in the Kahler space while wrapping ¢ and v directions, or they should
wrap S% and t while being a point in the (24, Z,) subspace. Both types of branes must be
located at y = 0, but giant gravitons sweep holomorphic surfaces in the subspace where
Z = —%, while dial giants are localized at points in the regions where Z = %

In section [ it was demonstrated that in asymptotically-flat case a consistency of
supergravity and a probe analysis lead to the same restrictions on the location of sources,
this was a manifestation of the open/closed string duality. In the next subsection we will

show that a similar agreement occurs for the giant gravitons.

6.4 Comparison to probe analysis

In this subsection we will analyze supersymmetric D-branes in the geometry (f.4). To
mimic the discussion of asymptotically flat space presented in section f}, one should begin
with studying branes in AdSs x S5 (since this is the closest analog of branes in flat space).
Then the DBI action implies that, in a perfect agreement with results of the previous
subsection, D3 branes must follow holomorphic profiles [24]. We will demonstrate that
holomorphicity discovered in [P4] must be formulated in terms of the complex coordinates
2z, which were used in (p.J). We will also show that brane profiles must be holomorphic
even in a general 1/4-BPS metric (6.9). The last part of this subsection will be devoted to
the "dual giants”, i.e. to branes wrapping S° in (5.2).

As reviewed in section [, to identify supersymmetric branes in an arbitrary background,
one needs to solve the kappa-symmetry projections (R.19). Presently we are interested in
D3 branes in AdSs x S° and we begin with analyzing the ”original giant gravitons”, which
appear as pointlike objects on AdS space [B(J]. This implies that the brane is located at
p = 0, then, recalling the embedding (.4), one concludes that y = 0 while » < 1. Kahler

potential (f.§) can be expanded in the vicinity of such points:
Y2

U =1
+1—7‘2

1
+0@h, K= 5= y*log(1 —7?) +y?logy] + O(y*)  (6.39)

To evaluate Z + 5, one can look at subleading terms K and use (6.9), but equation (b.4)
gives a more direct route to the answer:

2 2

+ O(y4) = (1 _yrg)g + O(y4)7 e’

Yy
sin* 6

_ Yy
1 — 12

1
Z+ 5= h? sinh? p = + O(y?)

Using this data, we can write the leading contributions to the metric appearing in (p.9):

dsiy = (1—1?) [—(dt +w)? + 20,0, Kdz"dz" + dz,b2] 1 [dy? + y*dO]

w=1i[0— 0] K, K= —% log(1 —712), 7%= 2%, (6.40)

We already know that D3 branes are located at y = 0, let us now specify the other
coordinates of these objects. Since 1/4-BPS giant gravitons are expected to preserve the
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U(1) part of the R-symmetry group, they should wrap -coordinate, moreover, a position of
the giant in the remaining directions should not depend . The brane worldvolume extends
in the time direction as well, but, since giant graviton is a rotating object, one is tempted
to allow for time dependence of the transverse coordinates. Indeed, giant graviton moving
in the metric (6.J) follows a trajectory with nontrivial ¢1(¢), ¢2(t), but time dependence
cancels out in the complex coordinates (£.4). Similar situation was encountered in the case
of 1/2-BPS case [R(]], where giant gravitons turned out to be static in objects y = 0 plane.
In the present case, z-coordinates of the D3-brane must be time-independent. Thus, to
analyze the DBI projection (R.12), we can impose a static gauge:

t=¢", z=z(.6), p=¢. (6.41)
This choice leads to the following induced metric:

sy = (1 —7r2) [—(déo +i0, KDz — id, KDz%)? + 20,8,K DDz’ + d£§] ,
Df = 0q fd€" + Og2 fd€?, (6.42)

which allows to compute £ introduced in (2.13):
L= (1-1%2 det(20,0,K 020, 2") (6.43)

The relations (.4Q), (6.42), (b.43) can be easily generalized to a case of an arbitrary
1/4-BPS geometry (p.2):

ds?y = h™? [—(dt + w)? + 20,0, K dzdz" + dzp2] + h? [dy? + y?dQ3]
ds?y = h™? [—(dgo +i0, KDz — i8, KDz%)? + 20,8,K D2*Dz" + dgg] . (6.44)
L = h™* det(20,0, K 8,,2°0,7°),

and from now on our discussion would refer to this general case. Using an intuition from
AdS5 x S solution, we will impose the static gauge (p.41)).

To evaluate gamma matrices appearing in (R.19), we need expressions for some com-
ponents of the (reduced) veilbein corresponding the ten dimensional metric (f.44):

et = (dt+w), e¥=dy, e* € 5abeaeF’ = 20,0, Kdz*dz" (6.45)

A nontrivial restriction on shape of branes comes from the requirement that the pro-
jector (B.19) does not break any of the 8 supercharges which are preserved by (f.2),%2 so
we need to recall the structure of the relevant Killing spinors. While these spinors have not
been explicitly written down in the literature, some useful information can be extracted

220f course, the AdSs x S° metric has additional supersymmetries which appear accidental from the
point of view of 1/4-BPS analysis. While giant graviton is allowed break these "extra” supercharges, to be
at least 1/4-BPS, it must preserve the ones which were explicit in (@)
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from the relations between bilinears found in [1g]:%3

. _ . _ . 1. _
elapy701€ = el'557761€ = 0, el 5y701€ = §5ab6’770'16 (6.46)
Ey701€ = \/ge_G/zheTe, 1€01€ = \/ﬂeG/zheTe (6.47)

It is convenient to rewrite the last two relations in terms of a rotated spinor €:

—G/2
B A 0n 612 4 sin 256 0618 — —C otz
€e=¢e""€:  €y1€ = cos20 €TV y761€ + isin 20€' V516 = me €,
o 0 e
1€61€ = —sin26 €' IV vy761€ + i cos20€' IV 616 = ———¢T¢. (6.48
7 VelG +e G (6.48)
By setting
o—G/2 oG/2
Sin20 = —————, 0820 = ———— (6.49)

V&t et Nz
one can reformulate equations (p.4¥) as a projector
%6 = —ie. (6.50)
Rewriting (6.46), (b.47) in terms of €, we find very simple relations:
ETapé =T, gé =0, T p¢= %531036, (6.51)

which imply that € is annihilated by the holomorphic gamma matrices (I'aé = 0). Recall-
ing (p.4§), we observe that the same relation is satisfied by the original spinor e:

Tae = 0. (6.52)

After this brief review of the Killing spinor on the geometry (B.9), we are ready to
analyze the DBI projector (R.12):
OX™oX™ .

I = i£_1(1 — 7'2)20-2 ® Ftwa—gla—gz’}/mn,

le=¢ (6.53)

Here indices m,n go from one to four and coordinates X™ cover the subspace of (6.4()
spanned by 2% z% while the action £ is computed using the metric (6.44). The matrices
Amn are constructed using the veilbein e?, €2 since contribution of efn disappears from “g,:

Yim = ebel Tip + et e™Tem = YiVm. (6.54)

Applying Tap, to the projector (6.53) and using (p.53), we arrive at a relation

071 079 07z 071 .
Pe19e ~ og1 e =" (6:59)

ZThe relations ([.46) were derived in [E] for a complex spinor in IIB supergravity. Translation to the

alternative conventions used in (%), is performed in () Notice that relations (), () have extra
[

factors of &1 in comparison with [[L], these insertions arise from rewriting the reduced spinor of as a
complex spinor in ten dimension (see @] for the definition of gamma matrices).
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which implies a functional dependence zZo = f(Z1), 2o = f(z1). Thus, by studying the
DBI projection (.19), we showed that the the profiles of supersymmetric D3 branes in the
geometry (.9) must be holomorphic:

f(z1,22) = 0. (6.56)

This outcome of the open string analysis is in a perfect agreement with closed string picture
which was discussed in section [p.3: there it was shown that only holomorphic sources are
consistent with equations of motion of IIB supergravity.

In the case of AdSs x S° it is interesting to compare our holomorphic curves with
analysis of the giant gravitons presented in [B4]. Mikhailov proposed to "fill in” the five-
dimensional sphere by introducing an fictitious radial coordinate R and writing a six-
dimensional metric of C3 as

dsi = dR* + R?d02 = dw,dw,. (6.57)

Then it was shown that supersymmetric D3 branes must be located at intersections of
two-dimensional holomorphic surfaces in C? (with some additional time dependence) and
a sphere R = 1. A generic surface f(wie®, wqe, w3e) = 0 gives rise to a giant graviton
preserving four supercharges, while a surface f(wye®, wee®) = 0 leads to a 1/4-BPS object.
Matching this with equation (6.56), we find a map between w, and z, coordinates (z, =
wgee™), then definitions (B.4) lead to relations between w, and standard coordinates on

AdS5 x S® (see (p.d)):
w; = cosh p[cos O cos ae’®] = py cosh p, wy = cosh plcos O sin ae’®?] = pycoshp  (6.58)

Here 111 and ps are two of the six coordinates defining the five-sphere:

> fatta =1, (6.59)

so we arrive at an identification R = cosh p. This analysis demonstrates that, rather than
being an artificial parameter, Mikhailov’s radial coordinate has a very simple meaning for
AdSs5 x S°. Moreover, by introducing coordinates z, and demonstrating holomorphicity,
we showed how to define a similar ”radial direction” for the most general 1/4-BPS
geometry as well: a holomorphic surface f(z,) = 0 is naturally parameterized by one
complex coordinate and y. The worldvolume of the D3 brane is obtained by taking an
intersection of this surface with any region {y = 0,7 = %}, and fibering v and t over
it. A pictorial representation of this construction is given in figure [J. Notice that, since
1 direction shrinks at the boundary of {y = 0,7 = %} region, the worldvolume of the
resulting D3 brane is a manifold without boundaries.

Let us now make a brief comment about the ”dual giant graviton”. This object wraps
time direction and three-dimensional sphere which remains unbroken in the ansatz (f.9),
so, by counting dimensions, one concludes that the dual giant should be located at a point
Zq = z((lo) on the y = 0 surface, and at that point Z = —%. This result trivially agrees with
discussion presented in section [6.J.
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Ay

Figure 5: Giant gravitons and holomorphic surfaces. To construct a worldvolume of a D3 brane,
one should take an intersection of the holomorphic surface with {y = 0,7 = %} region (this
intersection is shown in red), and fiber ¥ and ¢ over it. In the case of AdSs x S°, this picture gives
a geometric interpretation of the radial coordinate introduced in [4]

Let us summarize the results of this subsection. By analyzing supersymmetry condi-
tions for D3 branes on a general geometry (p.2), we showed that there are two types of
interesting objects: ”giant graviton” which wraps t,% directions and follows a holomor-
phic profile f(z1,22) = 0 in the Z = —% subset of y = 0 space, and "dual giant” which
wraps t, S2 and occupies a point in Z = %, y = 0 subspace. No other object can preserve
eight supercharges. These results of open string analysis agree perfectly with supergravity
discussion presented in section [6.9.

6.5 Boundary conditions 1II: regular droplets

After reproducing the correct boundary conditions corresponding to probe D3 branes, we
now study geometries produced by the stacks of the branes. While for the small number
of branes the boundary conditions for (5.§) and (6.9) are similar, the results for multiple
branes are very different. This phenomenon has already been seen in the case of 1/2-BPS
solutions: for asymptotically-flat geometry one can simply superpose stacks of D3 branes
and each element in the stack has exactly the same location. On the contrary, the branes
in AdSs x S° repel each other?® and form non-compressible droplets [B0]. This droplets
change the topology of spacetime and, as a result of such bubbling, the geometry remains
smooth everywhere. A similar phenomenon is expected to take place for the configurations
with lower supersymmetry?® and this subsection will be devoted to deriving the ”bubbling
picture” for the 1/4-BPS geometries.

?4The field theory manifestation of this phenomenon was discussed in [E]
% See [@] for the relevant field theory analysis.
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Figure 6: Boundary conditions in the 1/4-BPS case: giant graviton & dual giant (a) and a generic
distribution of droplets (b). To simplify the picture, we use vertical axis for |z2| and suppress the
phase of zs.

Let us begin with recalling the results pertaining to 1/2-BPS case [R(]. The gravity
solutions had SO(4) x SO(4) isometry and a coordinate y was defined as a product of the
warp factors corresponding to the two three-spheres. At y = 0 one of the spheres had
to collapse to zero size, and such contraction would lead to a singularity in the geometry
unless some special boundary conditions were imposed. It turned out that the solutions
were parameterized by one harmonic function z and regularity led to the requirement that
Z = :l:% in y = 0 plane [RQ]. Then the entire plane was separated into two types of regions
(see figure f]): one of the three-spheres collapsed in the light region and another one did
so in the dark region. There were no restrictions on the curves separating the regions.
This arbitrariness was in a complete agreement with brane probe analysis: the (dual) giant
gravitons corresponded to light (dark) points (see figure Pa) which could be combined to
give droplets with arbitrary shapes. As we will see in a moment, in the 1/4-BPS case the
situation is completely different.

In a complete analogy with 1/2-BPS case, we observe that y-coordinate in (p.3) is a
product of the two warp-factors, so on y = 0 hypersurface either S® or S! collapses to
zero size. Thus, the entire hypersurface is again divided into two types of regions (some
examples are presented in figure[f). We will begin with demonstrating that in the interior of
each droplet the geometry remains regular, once certain restrictions on a Kahler potential
are imposed. It turns out that, unlike 1/2-BPS droplets which could have arbitrary shapes,
their 1/4-BPS counterparts lead to singular solutions unless some additional condition is
satisfied by their ”walls”. One can suspect that this should be the case by observing that the
1/4-BPS probe branes must follow holomorphic profiles. If arbitrary shapes of the droplets
were allowed, one could always take a degenerate limit leading to a source wrapping a
non-holomorphic surface. This would imply an existence of some exotic D3 brane which
is not allowed in string theory. Fortunately, as we will show below, this situation is ruled
out by the regularity conditions for the geometries, which imposes certain requirements
on the boundaries of the droplets. But before we start analyzing the boundaries, let us
demonstrate the regularity at the interior points.
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Droplets and regularity conditions. As already mentioned, one of the spheres col-
lapses at y = 0 surface, so one needs to check that the metric remains regular there.

We will begin with analyzing a vicinity of a point where y goes to zero, while ¢ = ye=¢
remains finite. The definition of Z leads to very simple leading terms in h and in the
Kahler potential:?

2
Z = —% + 5—2, h2=g K= /dy ylogy + Ko(z, 2) + y*K1(z,Z) + O(y"). (6.60)

Then Monge-Ampere equation implies that
deth,; = y'g 2 exp[K1(z, 2)] + O(y°). (6.61)
We can now write the leading contribution to the metric

dsiy = g[—(dt +w)* + dy?| + ¢! [2gzy_2hal;dzad2b + dy? + y2dQ§] . (6.62)

w=1i(0—0)K,

and, to demonstrate regularity, one needs to show that all components of h, vanish as
y? (the restriction (.61)) on the determinant is not sufficient®”). The leading contribution
to (B.61) leads to an equation for Kj:

8151K06252K0 — 8152[(08251}(0 =0, (6.63)

then analysis of section [ implies that Ko = Ko(w,w), where w is a holomorphic function
of z,. Unfortunately the Monge-Ampere equation does not impose further restrictions on
function Ky, so, to ensure regularity, one should supplement the condition Z = —% by the
requirement that Ky = 0:

1 _
y=0: Z:_i’ 0O K (2,2,y =0) = 0. (6.64)

Notice that the last condition was missed in 23], but it is crucial for enforcing regularity.
Moreover, as we will show in section [6.6, both relations in (p.64) are needed to specify the
solution uniquely. As expected, these relations are satisfied by the Kahler potential (p.5)
is 7 < 1 and by the potential (6.14), (6.2Q) if » > 1. Using the maximum principle for
equation (b.6d) and fixing the gauge freedom in K, one can rewrite the last relation
in (p.64) as two requirements: Ky = K(z,z,y = 0) must regular in the region where
Z = —%, and Ky should vanish on the boundaries of this region:

1
y=0: Z= ~3 Ko(z,z) —regular, Ko(z,Z)|bnary = 0. (6.65)

Z6Notice that the Monge-Ampere equation appearing in (@) can be rewritten in terms of a new variable
y?, an absence of branch cuts in this new description implies that K has expansions in integer powers of
2.
2TThis was a loophole in the proof of regularity presented in the appendix D of [@]
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While this condition looks weaker than (B.64), equation (f.63) makes these two relations
equivalent, and each of them is stronger than the requirement Z = —%. As AdS exam-
ple (6.5) shows, strictly speaking function Kj is not well-defined on the wall between differ-
ent regions, so, while (6.69) provides a good heuristic picture for the boundary conditions,
the relation (f.64) is more rigorous, and it will be used in the remaining part of the paper.

Let us now consider a vicinity of a point where y goes to zero, while ¢ = ye® remains
finite: at such point the warp factor in front of S remains finite, while the 1)-circle collapses.
We again find an asymptotic expansion of the Kahler potential:

7 = % + z—z, h2=g K= —/dy ylogy + Ko(z,2) + y*K1(z,2) + O(y"), (6.66)
but now it is sufficient to keep only K| since the metric becomes
ds?y = g [~dt® + 3] + g~ [2aa5bK0dzadzb Cdy? de«ﬂ (6.67)
Clearly this metric describes a regular space, so we arrive at a complement of (f.64)
y=0: Z:%. (6.68)

To summarize, we saw that the hypersurface y = 0 splits into two types of regions: S3
collapses to zero size when Z = —% and 1-circle shrinks when Z = % We also demonstrated
that, in a complete analogy with [R(], the metric remains regular in the interior points of
the regions (although, there is an additional requirement: 9,09,K = 0 inside droplets with
Z = —%) However, in contrast to the 1/2-BPS case where regions were allowed to have
arbitrary shapes [R(], in the present situation additional regularity conditions arise on the
boundary of the droplets (where both S? and S' have vanishing warp-factors). Let us
discuss the relevant restrictions.

Boundaries of the droplets: an example. To analyze regularity conditions for the
wall separating different regions, it is convenient to begin with example which shows how
53 and S! are incorporated in a patch of flat space. The simplest solution which fits in
the ansatz (6.2) is AdS5 x S° and we already presented its local structure in section 5.2
Now let us discuss the appropriate boundary conditions.

The regions with Z = % and Z = —% are separated by the three sphere r = 1 (see
equation (p.7)) and at each point on this sphere the space is locally flat. To see this more
explicitly, we make an expansion of the metric in the vicinity of such point. Introducing

new coordinates®® v, R, (:

v=r2—1, R=\/(P+Z—1)2+4y cos’(= %, (6.69)
we find the following relations:
-G ) R . 1 —2
ye ~ = Rsin” (, yz;sm%, Z:§COSQC, h™ =R. (6.70)

28 Notice that for AdSs x S® one has a relation V2 +y2 —1)2 + 492 = sin? @ + sinh? p = 2y cosh G, so
¢ takes real values.
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To evaluate the metric, we need two more ingredients: the geometry on the Kahler base
and one-form w. Since Kahler potential (6.5) depends on z,, Z, only through v, the four
dimensional metric can be written as

20,0, K dzdz’ = 20, K dzqdZ, + 202K |Z,dzq|?, v = 242, — 1. (6.71)

The derivatives of (f.5) can be easily evaluated:

0K = ﬁ ((v—y?) +R] = %(cos 2 +1) + O(R),
2K — i(cos% +1)+O(R), (6.72)

and used to compute the leading contribution to the metric on the base:

20,0y I d="dz> = (z T %) [RdzadZa + |Zadzal?] + ... (6.73)

Next we simplify the expression for the one-form:

w =

i s 1 d+o+y*\  [1

i(24dZq — Zadz,) (6.74)

n

Using this data, we find the leading contribution to the ten-dimensional metric:

2 1 1
ds?y ~ —R (dt + %) + 5 [Rdmld:rl + Z(dv2 +7?) + dyﬂ + R(cdS23 + sZdy)?)
2
~ —dtn +dx dx, + % + R(d¢? + cos® CdQZ + sin? Cdip?) (6.75)

Since this is a metric of flat space, the solution is regular at the point R = 0, and regularity
cannot be affected by the subleading terms. Of course this result was expected since we
were discussing AdSs x S°, but it was important to unravel the precise mechanism which
makes the geometry regular, since we want to generalize it to other solutions.

Shapes of the droplets. Let us now use the lessons from AdSs x S® to find the re-
strictions imposed by regularity. As already discussed, the necessary condition for ([.9) to
describe a regular geometry is a decomposition of ¥y = 0 hypersurface into droplets with
Z = —%. On the boundary separating two types of regions warp factors for both spheres
should vanish, so it is convenient to define spherical coordinates by mimicking (6.70):

2
G R Y

1
tan{ = e, Z==-cos2(, h?2=R. (6.76)

= sin2¢ 2

Notice that the relations (p.69) were specific to AdSs x S° case and they will not hold
for a general solution. Since coordinate R measures a distance from the wall, we will be
interested in the leading terms in R-expansion.
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Regularity condition requires that the leading order of v = R cos2( does not depend
on y-coordinates, but rather it is a function on the Kahler base. To see this, we rewrite
metric in five-dimensional subspace spanned by y, 23, ¥:

dst = hdy® + y(eGng + e Cdy?)
dR?
= sin? 2gﬁ + Rcos® 2¢d¢? + R(cos? (3 + sin? Cdyp?) (6.77)
In the ten-dimensional space this metric is combined with contribution coming from the
Kahler base, and, to describe regular geometry, the sum should give a metric of the flat
space. In other words, in (R, ¢) subspace, the Kahler metric should contribute the difference
between flat six-dimensional space and (.77):

1
R

Thus the one form dv must lie in the Kahler subspace, i.e. 9yv = 0 at least in the leading

ds?., — ds? = —(dv)?. (6.78)

order in R. Since one can easily invert the relations between (R, () and (v,y), we conclude
that the leading contributions to (R, () depend on the Kahler base only through one real
function v(24, Z,). In the AdSs x S° case this statement was true globally, but for a general
1/4-BPS geometry it holds only in the vicinity of a point on the "wall”.

To proceed we need some additional information about Kahler potential. It can be
extracted from the definition of Z:

cos 2¢ = —ydy(y 19, K) (6.79)

Expressing cos2¢ through v and y (cos2( = one can easily integrate this

Noxmela

equation:

2
K= g v2 + 4y2 + % [log(v + /0?2 + 49?) — log y] + Ko(2,2) + y° K1 (2, 2). (6.80)

Since various warp factors depend on the four-dimensional base only through v, it is
clear that this coordinate parameterizes a direction transverse to the wall. We can also
introduce three longitudinal coordinates, and in the leading order one expects to have
translational invariance in those directions. This implies that the leading contribution to
Kahler potential should be a function of v and y only. In particular, Ky and K; appearing
in (.80) depend on their arguments only through v.

Recalling an expression for the one-form w:

(0~ ), (6.81)

{ A 1 1 1
W = %ayavK(a - (9)1) = gayavKT] ~ ET], n= 5

we can evaluate the leading terms in the metric (p.3):

1 _
ds® = —2Rwdt — Rw® + 2 [202K|0v]? + 20, K00v + Zdy?] + R(cZdQ3 + sgdiy?)
C

¢
= —2Rwdt — Rw? + Roos?( 202K |0v|* + 20, K90v — 20032 Cdv? (6.82)
dR? 2 2 102 1 win2 a2
+E + R(d¢* + cos” (dS25 + sin” (dyp?)
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The last line gives a regular metric on RS, so, to avoid singularity, the second line should
parameterize RY3 in the vicinity of the wall. Let us analyze this four-dimensional metric
in more detail:

-1
dsy = —2Rwdt — Rw* + 202K|0v|* + 20, K90v — I cos? dez} (6.83)

_
Rcos2¢

2 2
= —2Rwdt — (y—lz(ayavK)Q - M) n* + 20K 55 + L (28”K - 1> dv?

Rcos? ¢ Rcos?¢ TR \ cos? ¢

Since 9, K ~ R in the vicinity of the wall,?’ the d0v term in the metric remains regular. The
contributions proportional to dv? and n? are independent and naively they both look singu-

lar, so the divergences should cancel in both terms. This leads to the following relations:*°
1
LK = 5 cos’C+O(R), 9,0,K = % +O(R), (6.84)

which completely determine the leading contributions to K.
Using this information, the four dimensional metric (.83) can be rewritten in terms
of two functions A; and As which remain finite in the vicinity of the wall:

ds? = —2ndt + d0v + \n? + adv? (6.85)

To avoid singularities in the ten-dimensional metric, the leading contributions to A;
and Ay should not depend on (y,v). Then regularity of the metric (p.85) requires an
existence of a holomorphic one-form &, such that

DOV + A\dv? + \on® = E€ 4+ O(v). (6.86)

Indeed, to make the metric (p.85) regular, the matrix appearing in the left-hand side of the
last equation should have rank two. This can only be accomplished if (anti)holomorphic
terms dz?dz’, dz%dz® cancel out in the lhs of (f.8§), leading to holomorphicity of ¢ ant
to a relation Ao = 4\;. Moreover, on the surface v = 0, £ describes a one-form in a two-
dimensional space, so, by a change of coordinates, it can be always be written as £ = fdw.
An original definition of £ implies that function w is holomorphic.

Now equation (.8() can be rewritten as a relation between hermitean 2 x 2 matrices,
which should be supplemented by requiring dv and dw to be independent:

0Oy + AN0v0yv = gOuwdyw + O(v),  det(Fuviyw)|y—o # 0. (6.87)

We conclude that a droplet whose boundary is defined by equation v(z,,z,) = 0 leads to
a smooth metric if and only if function v satisfies (f.87). Notice that these relations are
invariant under holomorphic reparametirizations which are regular on the v = 0 surface.

29This is obvious for first two terms in ( and for yzKl. To argue that 9,Ko ~ R, we recall that
Kahler potential has vanishing derivatives in Z = —3 region (see equation ()), then continuity requires
that 0, Ko ~ R on the boundary.

300ne should be able to derive () by analyzing the Monge-Ampere equation in the vicinity of the
wall, but we will not discuss this further.
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To check the conditions (f.87), it is convenient to start with evaluating function \. To
do so, we compute the determinant on both sides of the first relation in (.87):

det (0, 0pv + ADyvdyv) = O(v) (6.88)
Moreover, since d,w and J,v are independent, equation appearing in () implies that
det(0a0v)|,_, # 0. (6.89)
Once function X is determined, one needs to check the remaining differential condition
0Oy + A0v0pv = & + O(v),  &ud2® = f dw + v€'. (6.90)

The requirement (5.87) leads to rather nontrivial restrictions on the surfaces separating
the droplets, and, to illustrate this fact, we consider few examples.

Examples of regular and singular droplets. The AdS5x.S° example has already been
discussed before, and, as a consistency check, we now demonstrate that conditions ([6.89)
and (6.89) are satisfied for that solution. Function v for this case was introduced in (6.69),

so we find

) ; 1+ A5 Ans
V= zgZa — 1, M= [|0.0pv + AOu0pv|| = ( +Anz 2271 ) ,

A21Zo 1+ Az9Zs

detMy = 1+ Xz,Z, =1+ A+ v (6.91)
Thus the relation (p.8§) is satisfied for A = —1, and corresponding one-form is
€ = 29dz1 — z1dzy = 2129 dlog ﬁ, (6.92)
z2

i.e. the requirement (5.90) is also satisfied. As expected, we found the the wall located at
ZaZa = 1 leads to a regular solution.

Inspired by this example, one may consider the most general quadratic function of z,
and Z,:

U= hap2aZp + Aapzazp + Zlabzazb - B (6.93)

It is clear that if deth = 0, then (6.89) is violated, so such v would lead to a singular
solution. Assuming that hg, is a non-degenerate matrix, we can use linear transformations
of z, to diagonalize it:3! h;b = 0gp. The residual U(2) invariance can be used to put v in
one of the two canonical forms parameterized by real numbers a, b:

b
I: V= ZgZq + <a2122 + 52% + cc> — B

b
IT: v = 2121 — 2272 + <az1z2 + iz% + cc> - B (6.94)

31Gince the criteria of regularity () are invariant under holomorphic reparameterizations, they are not
affected by such transformations.
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Equation (6.8§) can be easily analyzed in each case, and, requiring function A to remain
finite at all points on the v = 0 surface, we conclude that A must be constant:

I: det My =14 A\9,v0,v = 1 + \|Z1 + azy + bz1|2 + Azo + az1|2
=1+ A1+ a*)(v+ B) + b2 7

+ A [(1 —a?) <a2122 + gﬁ) + abz17Zo + cc}
1
det M, = : b= A= 1—d?) = .
etM) =0(v) 0, BO+a)’ a(l—a*)=0 (6.95)
II: —detM, =1+ )\|21 + azo + bZ1|2 — )\|22 — az1|2

=1+ X1 —a*)(v+ B) + \b*2 7
+ A [(1 + a2) <a2122 + gﬁ) + abz1z + cc}

detM) =O(v): b=0, a=0, A= ~5 (6.96)

The first case gives two possible values of a: a = 0 reduces to the case of the sphere
which was discussed before, while a = 1 leads to a surface described by the equation

v=|n+%*-B=ZZ—-B, Z=z+%. (6.97)

Let us check whether this function satisfies the relation (6.90). We begin with computing
the one-form ¢ and its differential:

5 1 S 2 .
dov QB\(%] = 2B]Zdzl Zdz|” + O(v) :
1

1 - _ _

1 _ _
dé¢ = —dZ Ndzx1 +dZ Ndzy —dZ NdZ).
£ @( 1 1 )

Equation (p.90) implies that dé A § = dv A we + O(v), and this relation is not satisfied
by (p.9§). Indeed, d§ A £ has a contribution

(ZdZ — ZdZ)d21d51 = dvdz1dz; — 22d2d21d51 (699)

which is not proportional to dv. Then we conclude that the surface defined by (5.97) does
not satisfy the relation (p.90), and thus it leads to a singular geometry.

Coming back to the relations (p.95), (p.9¢), we arrive at a conclusion any quadratic
function (6.93) satisfying the regularity conditions ([.87) can be transformed by holomor-
phic reparameterizations into one of the following expressions:

V] = 2121+ 2929 — B, vy = 2121 — 29%Z0 — B (6.100)

This demonstrates that the relations (f.87) are very restrictive.
Notice that exclusion of the wall (5.97) from the set of regular solutions is very impor-
tant for correspondence between regular droplets and probe branes. Indeed, suppose (6.97)
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gave an allowed shape of the droplet. Then, sending B to zero, one could collapse the
droplet to a curve z; = —Z3 which must carry some amount of D3-brane charge. However,
from the analysis of section f.4, we know that such object does not exist (recall that probe
branes must follow holomorphic curves). This is the key difference between the present
situation and the case of 1/2-BPS bubbles discussed in [P(): there the branes looked like
pointlike sources and there were no restrictions on the shape of the droplets.

We will now demonstrate that exclusion of surface (f.97) is a part of a general pattern:
by collapsing a regular droplet in 1/4-BPS case, one always arrives at a holomorphic curve.
This fact provides a nontrivial correspondence between the regular supergravity solutions
and brane probe analysis presented in section [p.4.

Collapsing droplets and holomorphic curves. Let us consider a family of regular
surfaces v¢(zq, Z,) parameterized by €, and assume that at € = 0 equation ve(zq4,2,) = 0
describes a two-dimensional curve rather than a three-dimensional surface. Assuming that
Ve(2a, Zq) is a smooth function of € and that relations ([.87) are satisfied for any € > 0, we
will demonstrate that the two dimensional curve vg(z,, Z,) = 0 must be holomorphic.

Near any point on the vy (24, Z,) = 0 curve, one can always make a holomorphic change
of coordinates and rewrite the equation vy = 0 as

29 = f(Zl, 21).
Since surfaces ve(zq, Z,) = 0 must surround this curve, at small € one can always write
Ve(Zay Za) = |22 — f(21,21)|% — |€h(za, Za)|? + O(€Y). (6.101)

Moreover, in a vicinity of the surface v, = 0, coordinates (22, z2) can be eliminated from
function h.

Let us first assume that det(9,0pv0) # 0. Then one can take ¢ — 0 limit in condi-
tions (F.87). While doing this, it is important to introduce a scaling A ~ €2, otherwise the
matrix in the lhs of (f.87) would have a non-vanishing determinant. Introducing a finite
X = €2\, we find an equation:

Mg = 8a0pv0 4 (€ 2X0qvyv]y=0) =0 = gOawdy@ + O(vp) (6.102)
For small values of ¢, the surface v. = 0 can be parameterized by z, Z; and a pure phase 7:
2o = f(z1,21) + €n h(z1, 21), =1, (6.103)

so we can compute the derivatives:
€ 1010e|y—o = —01f iR — D1 fnh + O(e), € L0 |v—o = nh + O(e). (6.104)

Substituting these expressions into (.109) and taking the derivative of the left-hand side,
we find an expression for A(z1, z1,7). Factorizing (.102) for this value of A, we find

g 2dw = Ay(z1, 71, n)dz" + O(vp). (6.105)

— 49 —



Since zo = f(z1,21) on the vy = 0 curve, the last relation is only possible if eta-dependence
factorizes in A,: Ay(21,21,m) = F(zl,él,n)fia(zl, Z1). This means that, up to an overall
coefficient, matrix M, is eta-independent.

Substituting the expressions (p.104) into the definition (p.103) of M and keeping
track of the 7-dependence and factors of \, one can schematically write M, ; as

M 1019 + Aag + a1n?)(@o + @177%) 019200 + 5\6(a0~+_al772)
ab 020100 + /\b(C_LO + (_11’17}2) 020209 + Abb

) . (6.106)

Function A is determined by solving the equation det(M,;) = 0. Substituting the resulting
value of A back into (b-104), and requiring M,7/M3 to be eta-independent, one concludes
that a; = 0. This implies that 9; f = 0, i.e. f is a holomorphic function. Such conclusion
falsifies our original assumption that det(9,0,v9) # 0, so the matrix J,0,v9 has to be
degenerate.

The condition det(9,0,v9) = 0 can be rewritten as an equation for f(zq,21):
—8151f(52 — f) — 81§1f(Z2 — f) + alfélf =0 (6.107)

Restricting this relation to the curve vg = 0, we find that f must be holomorphic. This
means that the droplet collapses to a curve

29 = f(Zl), (6.108)

Thus, by utilizing small-e analysis, we have shown that the droplets described by
equation (p.101) can only be regular if function f(z1,z1) is holomorphic, this implies that
regular droplets can only collapse to holomorphic curves. This conclusion is in a perfect
agreement with discussion of sections .4 and .4, where both probe analysis and consis-
tency of SUGRA were used to demonstrate that supersymmetric D3-branes must follow
holomorphic profiles.

Summary. Let us summarize the results of this long subsection. By requiring the ge-
ometries (6.9) to be regular, we arrived at the following picture for the boundary conditions
in the y = 0 hyperplane. This Kahler space is divided into a set of droplets, where Kahler
potential satisfies one of the two conditions:

Z=-3%, 0,0,K(2,2,y=0) =0,
y=0: (6.109)
Z =+

N~

Notice that the relation 9,0, K (z,%,y = 0) = 0 is crucial in enforcing regularity inside the
Z = —% droplets, and, as we will demonstrate in the next subsection, it is also needed to
uniquely specify the solution of the Monge-Ampere equation.

Moreover, in contrast to the boundaries of 1/2-BPS droplets, which can be ar-
bitrary [R(], the domain walls in 1/4-BPS case must obey a restriction coming from
regularity. In particular, we demonstrated that there exists a real function v(z4,Z)
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which defines the boundaries between droplets (via an equation v = 0) and satisfies the

differential relations (.87):
0Oy + A0v0pv = gOwdyw + O(v),  det(Fuviyw)|y—o # 0. (6.110)

Here w(z1, z2) is a holomorphic function. Looking at few examples, we showed that (p.110)
gives a nontrivial restriction on the shapes of the droplets. In particular, it was
demonstrated that regular droplets can only collapse to holomorphic curves, in a perfect
agreement of the D brane analysis presented in sections p.9d), (p.4.

6.6 Asymptotic behavior and perturbative expansion

In the previous subsection we discussed the behavior of the solutions near y = 0 hyperplane
and found that regularity imposes nontrivial boundary conditions on the Kahler potential.
However, behavior at y = 0 cannot fix the solutions on Monge-Ampere equation uniquely:
one also has to specify Kahler potential at infinity. In this subsection we will discuss
examples of large R behavior which lead to metrics with interesting asymptotics, and we
will demonstrate that, once the large-distance behavior is fixed, any combination of the
boundary conditions (6.64), (.69) leads to the unique solution of Monge-Ampere equation.

The metrics which are most interesting from the point of view of AdS/CFT approach
AdS5x S5 at large values of y. As discussed in section .9, AdSs x S® can be embedded into
the general 1/4-BPS ansatz in two different ways, so, to describe an asymptotically-AdS
space, a Kahler potential should approach either (f.§) or (p.14) at large values of y. It
turns out that in both cases a more natural way to impose asymptotic boundary conditions
is to formulate them at large values of R = /2 + 4232 rather than y:

1 2
K3 = —§y2 logy + 5+ O(log R), (6.111)
1, y2 2 1
KEd) = §y logy + 5 log(1 —x3) + 5 log R + o(log R). (6.112)

We also recall that r — oo has different geometric interpretations for (6.111)) and (p.119):

in the first case one goes to infinity of flat four-dimensional space, while in the second case
large values of r correspond to the boundaries and to the ends of the cylinder (see figure Pb).
It is useful to introduce special notation for the leading terms in (f.111) and (f.112):

2 2

1 1 1
Ki=—3ylogy+ 5. Ku=3ytlogy+Llog(l—ad) + Slog R (6.113)

These Kahler potentials correspond to C? with Z = % and to a strip with Z = —%. Let us
now perturb these solutions.

If some finite region with Z = —% is added to the geometry described by Ky, the
asymptotic behavior would remain unchanged, so at large distances one can treat the
effects of the insertion as perturbation. In other words, we can write

K=K+ KW, (6.114)

32We recall that r was introduced as a radial coordinate in the two-dimensional Kahler space, and,
generically being ambiguous, such coordinate is well-defined for spaces whose Kahler potential asymptotes

to (B.3) or (p.14).
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and at large distances (f.9) reduces to a linear equation for K(1:
A, KW =2y719, KU — o, (y~1a,KW). (6.115)

While this equation should not be trusted near y = 0 (where K; and K(!) become com-
parable), one can formally extend the perturbation theory in the entire y > 0 region,
keeping in mind that the series would converge only for large values of y. Such extension
will allow us to count the number of degrees of freedom and to show that the boundary
conditions (p.64), (p.6§) specify the solution uniquely (at least in perturbation theory).
We begin with selecting some finite region D of y = 0 hypersurface and requiring that

yd,(y ro, K1) =2 (6.116)

there (this corresponds to setting Z = —% in for (p-114)). Rewriting equation (F-11§) in
terms of H = yd,(y~ 19, KW):

2, (2,2) €D

0 (27) ¢ D (6.117)

_ 4
A.:-H+y 18y(y8yH) + ?H =0, Hly=0= {
one can find a unique solution which vanished at infinity. However, there is still an ambi-
guity in function KM: since at infinity we only require K) <« K; ~ R2, any harmonic
function KM (z, 2) = o(R?) would lead to a solution with correct asymptotics:

KW = /y ydy /y @H+f((1)(z, Z) A KW =0, — =50 (6.118)

0 0 K
Notice that this freedom in choosing K1) is crucial for ensuring that the second regularity
condition in (p.64) can be imposed in region D: to cancel a non-zero contribution of func-
tion K1 at y = 0, (2,Z) € D, one needs some ambiguity in KW . Moreover, the harmonic
function KM and the unwanted contribution Ky (which must satisfy the homogeneous
Monge-Ampere equation (p.6J)) to the Kahler potential have the same amount of free-
dom,? so it appears that the ambiguities in (f.11§) and in its higher-order counterparts
can be used to remove Ky, and, once this is done, the perturbative expansion of function
K would be fixed uniquely.

To fix the ambiguity in (6.11§), we will require K (1) to be analytic in the region D and
to vanish on all boundaries 9D. Due to the maximum principle, this uniquely determines
harmonic function K (2, Z) in the compact D, and we will set KM = 0 on the complement
of this region. Once function K(!) is determined, one can repeat the analysis for higher
orders in perturbation theory, and again the ambiguity can be fixed order by order:

K®|opy—0=0, p>1. (6.119)

33To demonstrate this, one can consider a formal perturbation theory in () by writing Ko = %zaia +
K (z,z), truncating () to the first order in €, and formally setting e = 1. Then one finds that K has
the same number of free parameters as a harmonic function. Of course, this argument is very heuristic,
and one should not take the solution of the truncated equation seriously, however the number of degrees of
freedom will not be affected by the higher-order terms.
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While we only expect the perturbation series to converge at large values of y, the Kahler
potential can be analytically continued to the entire y > 0 subspace, and the result would
satisfy the Monge-Ampere equation (f.d) as well as boundary conditions which were im-
posed order by order:

, (2,2) e D

yzOZ{ ’(Z’)¢D7

Assuming that function Ky = lim,_.o K remains regular inside the region D, we arrive at
the equation (f.63) along with a boundary condition:

Y. 0K
200,

) Klopy—0 =0, K =K;+O(logR). (6.120)

D[ D[ =
Iy}

(Z, Z) eD: 8151[(08252[(0 — 8152K06251K0 = 0, K0|8D,y:0 =0 (6.121)

We will now demonstrate that function K vanishes in the region D, so the boundary
condition ([6.64)) is satisfied.

As we discussed before, the homogeneous Monge-Ampere equation can be easily solved
in terms of some holomorphic coordinate w: Ky = Ko(w,w), then it is convenient to
perform a holomorphic reparameterization: (z1,22) — (w,v). Assuming that this change
of variables is regular inside D, we conclude that the image of D in (w,v,w,v) space is
compact. Starting with an arbitrary point (wg,vg) € D, one can consider a complex plane
w = wg. Due to compactness of D, this plane must intersect the boundary dD along
some hypersurface, then Ky(wp,wg) = 0. Since (wg,v9) € D was arbitrary, we conclude
that Ko|spp = 0 implies Ko|p = 0. This statement can be interpreted as a ”maximum
principle” for the homogeneous Monge-Ampere equation. Of course, our arguments were
rather heuristic, but they can be made precise.

To summarize, we showed that starting with solution K; whose boundary conditions
correspond to C2? with Z = %, and introducing an arbitrary distribution of compact droplets
with Z = —%, one can use perturbation theory to construct a solution which satisfies bound-
ary condition (p.64) inside the droplets and condition (6.6§) outside. This implies that,
for any distribution of droplets, perturbation theory leads to a unique regular geometry.
Notice that the differential restriction in (6.64) was crucial both for enforcing regularity
and for ensuring uniqueness of the solution. A similar perturbation theory can be devel-
oped around solution (p.119), in this case one introduces compact droplets with Z = %
and requires 9,0,K( to vanish in the exterior of the droplets. It would also be interesting
to study geometries with more exotic asymptotics: in the 1/2-BPS case, where the system

was exactly solvable [R(], such solutions were discussed in [BJ.

6.7 Topology and charges

The bubbling solutions discussed in this section have regular metrics and source-free field
strengths, so, to allow non-zero fluxes, the geometries must have nontrivial topology. In
this subsection we will explore the topological structure of 1/4-BPS solutions and show that
they indeed contain some non-contractible five-cycles. We will also demonstrate that the
integrals of F5 over such cycles give non-zero answers, and discuss some global restrictions
on the distributions of the droplets imposed by quantization of charge.
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(b)

Figure 7: Topology of the 1/4 geometries. To construct a non-contractible cycle, one should start

with a four-dimensional ”cap” which ends on a three-dimensional surface surrounding a compact
droplet (a), and fiber ¢ over the cap. The projection of the cap onto the Kahler space fills the

interior of the sphere depicted in figure (a). Alternatively, one can start with a cap ending on a

curve inside Z = —% region, and fiber the three-sphere over it. The projection of the cap onto the
Kahler space looks like a ?membrane” depicted in figure (b).

To analyze the topology of the solution (.9), we recall that either S3 or S! collapses

at y = 0 hyperplane. This leads to two simple constructions of non-contractible five-cycles.

L.

II.

If there exists a compact region with Z = —% (i.e. with collapsing S3) in y = 0
hyperplane, then such droplet can be surrounded by a three-dimensional surface
S which lies entirely in the Z = 3 region (see figure [fa). Constructing a four-
dimensional ”cap”, which goes to ¥y > 0 and has S as its boundary, and fibering
1 over it, one arrives at a five-dimensional surface 2. Notice that, since radius of
tp-direction goes to zero on S, the surface ) is compact: restricting the metric (p.9)
to Q in a vicinity of C, one finds a regular geometry without a boundary:3*

ds? = dsiyl = 97" [ds3 + dy? + y2dy?] . (6.122)

Moreover, this construction does not allow the surface S to move into Z = —%
region (1-direction does not shrink there), so the five-cycle €2 is non-contractible. An

analogous ”bubbling” effect was described in [R]].

A construction of five-cycles containing S? is less-straightforward, since there are no

compact droplets with Z = —%.35

To get some intuition, we consider the 1/2-BPS geometries of [2(]. As discussed in
section [6.9, these solutions can be embedded in the general 1/4-BPS ansatz, and
the boundary between droplets is invariant under phase rotations of z2 (see (p.39)).

34We wrote the four-dimensional Kahler metric appearing in (@) as 20,0, Kodz*dz" = ds3 4 dz? | where

x| is a direction orthogonal to S.
350ne might think that the spherical droplet () arising from AdSs x S° has a compact interior,
but, since it touches the boundary of the space (|z2] = 1), this droplet cannot be surrounded by any

three-dimensional surface.
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This allows a very simple pictorial representation of droplets in terms of coordinates
(21, 21, |22|%), and one can argue that, while there is only one connected region with
Z = —%, generically this region is not simply-connected (an example of map from
(21, 22) plane to the boundary of the droplet in (z1, Z1,|22|?) space is presented in
figure [). As was shown in [2(], one can get a non-trivial five-cycle by taking a non-
contractible curve C in Z = % region, constructing a two-manifold which ends on
C, and fibering S3 over it. To recover 2 in the context of 1/4-BPS geometries, we
select a non-contractible curve C in y = 0, zo0 = 0 plane, construct a two dimensional
surface w which ends on C and explores y > 0, 2o = 0 region, and fiber S3 over w.
A surface w and a curve C can be moved to non-zero values of zo, but, as long as
C stays inside the Z = % droplet, the resulting five-cycle 2 has no boundary. Since
the original curve C was non-contractible, the projection of  onto Kahler manifold
covers a "hole” in the Z = % droplet, so 2 is a non-contractible cycle. An example
of two-dimensional surface w is presented in figure [fb.

Using the 1/2-BPS example as a guide, we can propose a general way of getting
five-cycles involving the S3. If the region Z = % is not simply-connected, it contains
a non-contractible curve C. Then one can build a two-dimensional surface w which
stays at positive values of y and has C as its boundary. Fibering the three-sphere
over w, one gets a non-contractible five-cycle 2. Looking at the metric (6.9), one
can see that  has no boundary at y = 0, so this five-cycle has a topology of S°. It
appears that the five-spheres I and II are the only topologically-nontrivial cycles in
the geometries (f.9).

Since the geometries contain non-contractible five spheres, and a non-zero five-form
is present in the solution, it is natural to evaluate the integrals F5 over the cycles. The
amount of flux is invariant under small deformations of cycles, so it is convenient to choose
these surfaces to make the computation easier. The four-dimensional ”cap” surrounding
Z = —% region can be deformed into a surface located at small values of y, then 2 is
parameterized by (z4, Z5) and 1. The metric at small values of y has already been analyzed
in section [6.5, so we find

ds?y = b2 [—(dt W)+ dy? 26a5bK1dz“de] R (dy? + y2d03)
Fy = —d[y*h*(dt + w)] A dQz + h ™ dip A det (0,0, K1 )d*2d?Z + . .. (6.123)

The field strength contains additional terms at the same order, but they will be irrelevant
for out computation. Integrating F5 over the Z = —% region, one finds a very simple
expression for the flux in terms of the volume of the droplet:

dsty = h72[—(dt +w)? + dy?] + gl da'da’ + h2(dy? + y?d03)

Fs =27V, = 27?/ gDdie. 6.124
o, I 4 \ (6.124)

A counterpart of this formula for 1/2-BPS geometries was encountered in [R(], where the
agreement with field theory picture [R9 was also demonstrated. Unfortunately the matrix

— 55 —



model in the 1/4-BPS case is more complicated, but it would be nice to interpret (5.124)
in terms of eigenvalues of holomorphic matrices X and Y.

Let us now turn to the type II cycles. Again, they can be moved to small values
of y, but now one also has freedom in deforming the contour C inside Z = —% bubble.
Integrating the expression for Fy, we find the flux:

/ Fy = 4ir? / DuOp K dz%dz" ow = C. (6.125)
Qs w

y=0

Notice that the contribution to the integral comes only from the part of w which lies inside
Z = % region: 9,0,K = 0 otherwise. Moreover, it is clear that the integral in (.129) is
invariant under small deformations of w.

To summarize, we found that the 1/4-BPS bubbling solutions have very interesting
topological structure: they can contain two types of non-contractible five cycles, and the
fluxes through such spheres have very simple geometrical meaning. Since the charges
computed in (p.129), (6.125) must be quantized, one finds a set of global restrictions on
the ”volumes” of the droplets and two-cycles w. It would be very nice to connect this data
with field theory picture developed in [B1].

6.8 Relation to brane webs

By looking at the explicit form of the Killing spinor for the geometry (6.9), one can see that
the isometry 0, is rotational. Since the timelike Killing vector in flat space generates trans-
lational isometry, the system (B.3) cannot describe asymptotically-flat solutions. However,
the flat asymptotics can arise as a result of certain singular limits and in this subsection
we will discuss two interesting possibilities. The first one leads to standard D3 branes with
flat worldvolume, while the second limit reproduces the geometry (p.§) produced by the
webs of D3 branes.

The Killing spinor has a very simple time dependence (e ~ €*/2), which can be removed
by rescaling the t-coordinate: t = A~'t, and sending A to infinity while keeping ¢ fixed. To
keep g;; finite, we also need to rescale h~2 = \2h~2 and there are two natural ways to do it.

1. The limit of flat branes.

Let us consider a shift ¢ = \eC and send A to infinity, while keeping G finite. To
retain the canonical periodicity of 1, we will also rescale y = Ag. Then the leading
terms in % expansion become

~ 1 ~
W2 =\, Z= 5 A2e72¢ 0 K = XNK_1(2) 4+ Ko(y) + A\ 2K7. (6.126)
Equation relating Kahler potential and Z implies that

y'9,Kog = —logj+C (6.127)
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To make the metric finite, we rescale the coordinates on S3, then, dropping tildes,
we arrive at the solution:

ds3y = yedeig + (ye®) ! [28a5bK_1dz“de + dy? + y2d¢2] ,

1
dethg; = 7. (6.128)

This geometry describes a two-dimensional Calabi-Yau manifold and a set of branes
whose distribution is governed by function H = (ye®)~2. In this order the equation
for the metric decouples and we have to look at the equation of motion for Fj to
conclude that H is harmonic. The branes are occupying points in the transverse space.

. D38 branes wrapping holomorphic cycles.

An alternative flat limit can be obtained by a rescaling which keeps the radius of
the sphere finite: €& = A71e“, y = Aj. Then we find

1 ~ .
W= Nye T Z=—o 42T, g =0T, t=2T1
ds® = ye O (—dt® + dy?) + y~ e [dy2 + y2dQ§] + 2y e 90,0, K dz*dz" (6.129)
The Kahler potential is not rescaled and it satisfies the following equations:
1 _
K = /\QK—I(Z/) + Ko, 9yK_1 =ylogy, e*¢ = —gyay(y 1ayK0),
- 1
det hyy = N 12X YWW  —  det h; = Zyzem (6.130)

The gauge W = %)\1/ 2 was chosen to avoid a singularity in the metric. To remove
an explicit y-dependence of the metric, we define H = y~'e® and rescale the Kahler
potential: Ky = y2K. Then we arrive to the following geometry:

ds® = H™'(—dt* + dy?) + H [dy? + y?d3] + 2H 0,0, K d="dz"

1 . 1
H2 = —5?4_3831(9381/}{)7 det hal_) = ZHz (6131)

This solution goes over to (F3), (), (E4) if one identifies H with e=34/2. The
expressions for the RR five-form also agree.

6.9 Summary

Let us summarize the results of this section. While the local description of 1/4-BPS
bubbling geometries (B.g) has been discussed before [LY], the allowed boundary conditions
were not known. In particular, a recent proposal by [PJ| appeared to be incomplete since

it clearly disagreed with expectations from the probe analysis (by shrinking the droplets

of [BJ], one could arrive at sources which are not allowed in string theory). By requiring
the geometries of [[9 to be regular at the hyperplane y = 0, we found an improved
version of the picture proposed in [B3): the hyperplane is divided into regions where one
of the conditions (6.109) should be satisfied. Moreover, in contrast to 1/2-BPS case, the
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shapes of the droplets cannot be arbitrary, but rather they are described by an equation
v(za,Za) = 0, and function v must satisfy the relations (p.11(J). We demonstrated that
these restrictions on v are consistent with results of probe analysis which requires the
brane profiles to be holomorphic. We also showed that the allowed locations of D3 branes
can be determined either from open string computations (which reduces to a DBI analysis)
or from consistency of supergravity equations (this amounts to a description in terms of
close strings), and there is a perfect agreement between these independent results. As a
by-product of the probe analysis, we gave a clear geometric interpretation of Mikhailov’s
description of giant gravitons [4].

Once the distribution of droplets in y = 0 plane is specified, one can try to solve a
nonlinear Monge-Ampere equation to construct the corresponding geometry. While we
were not able to find new explicit solutions, we used perturbation theory to demonstrate
that, for a fixed asymptotic behavior, conditions (6.109) specify the solution uniquely, and
any allowed distribution of droplets leads to a regular geometry without sources. All fluxes
are geometric: we showed that solutions contain non-contractible five-cycles and evaluated
fluxes through them (see equations (p.124), (6.129)).

We also considered some explicit examples of 1/4-BPS geometries, in particular we
showed that one can embed AdSs x S° into an ansatz (f.2) in two different ways, and
we also embedded all 1/2-BPS solutions constructed in [RJ]. Finally, by taking a limit of
bubbling solution (6.9), we recovered the web of D3 branes which was discussed in section .

7. 1/4-BPS geometries in M theory

In the previous section we discussed 1/4-BPS geometries with AdSs x S° asymptotics.
The interest in such metrics is driven by their relation to supersymmetric states in four
dimensional field theory. However, there are other important cases of AdS/CFT corre-
spondence and understanding of eleven dimensional bulk configurations might shed some
light on the dynamics of (2,0) six-dimensional CFT and of conformal theory on M2 brane.
In this section we will discuss 1/4-BPS geometries in M theory. As we will see, they
share many properties of their ten-dimensional counterparts, in particular, the discussion
of droplets and their boundaries would essentially mimic the arguments presented in the
previous section. It is interesting to notice that, while in the 1/2-BPS case the equation
governing ten-dimensional geometries was much easier than its M theory counterpart [R0],
the Monge-Ampere equations describing the 1/4-BPS geometries appear to have the same
degree of difficulty in ten and eleven dimensions.

We will look at a particular set of geometries which preserve SO(6) symmetry. They
could correspond either to supersymmetric states in (2,0) theory on R x S°, or to some
space-dependent configurations in three-dimensional CF'T. It might be useful to recall that
1/2-BPS solutions of [R]] had SO(6) x SO(3) symmetry, so now we are breaking half of the
supercharges which were used to produce ”translations” along SO(3).

7.1 Local structure of the solution

As already mentioned, we want to study eleven dimensional geometries which preserve 8
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supercharges as well as bosonic SO(6) symmetry. Fortunately, the local structure of the
solution can be easily extracted from the results of [[1g].
We recall that authors of [I§] constructed the most general solution of eleven dimen-

sional supergravity which contains AdSs factor:36

o du? 42X
ds? = 4ePds3 g + e <hijdznldx] + - > 69

cos2C + —— cos? ¢(dip + p)? (7.1)

1 4
Fy = —(9ye )V + @(*46146_6)‘)‘1@/ 3 cos” ¢ (x49yp)(dip + p)

4 4
+ [5 cos? C x4 dyp — ge_G’\J} dy(dy + p).

As shown in [[§], the four dimensional metric h;; is Kahler and there are various differential
relations between the metric components and the Kahler form J:

1 2
y=elsin¢, p=J-dy [5 log(cos? C\/ﬁ)} , Oy = —gyd4p

0Oy log Vh = =3y "tan? ¢ — 20, log cos ¢ (7.2)

Notice that, as a consequence of supersymmetry, 9, turns out to be a Killing vector for the
geometry ([7-1]). It is convenient to introduce complex coordinates z,, Z, then the relations
between metric, Kahler form and Kahler potential become especially simple:

hijdaided = 2h 3dz2dzb, T =ihydz® AdZ°,  hyy = 0.0, K (7.3)

The geometries with SO(6) symmetries can be obtained from ([.1]) by performing the
following analytic continuation:

dsias — —dQF, e —iet, (—i(, ¥ —t, (7.4)

and the resulting solution reads:

2 4e* 2 2 2A 102 4 —4A a b dy*
ds* = ——5 cosh” ((dt + p)* + 4e“*dQ5 + e 2h;dz"dz” + cosh?¢ )
4
Fy = (0ye™")Vy — ———(sadse”)dy — = cosh* ((+49yp) (dt + p) (7.5)
cosh” ¢ 9

4 4
+ 9 cosh? ¢ w4 dyp + 36_6>\J:| dy(dt + p).

Various functions appearing in this solution satisfy a system of differential equations:37
31 ~ ~
sinh¢ = ye ™, p= EZ((‘)D —dD), y~'0,J = 2i00D,
-1 2 ye O 3D 2
OyD =y~ tanh”( = T3 g2 e’” = 4cosh” ( deth,. (7.6)

36To avoid unnecessary complications and to make contact with notation introduced in @], we set m = %

in the formulas of and rewrite the solution in terms of AdS space with unit radius.
3"We introduced a convenient function D whose normalization is chosen to agree with results of [E] for
the 1/2-BPS case.
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Considering the equation for the y-dependence of the Kahler potential K, we find a relation
between K and D:

90 [y~'o,K —2D] = 0. (7.7)

Since metric is not affected by addition of an (anti)holomorphic function to Kahler poten-
tial, we can choose a gauge where

1
D=5 0,K. (7.8)

At this point the entire solution is completely specified by the Kahler potential (although
some expressions are simpler in terms of D):

-1 .
—ex_ Yy 0,D 2 31 5 1
_ h2¢ = vd. D = ((-0)D., D=—9,K. )
1— yayD’ tan < yay ’ p 2 (8 a) ’ 2y ay (7 9)
The last remaining equation relates D and deth,:
1 3
4deth,y = (1 —yd,D)e*? = |1 — §y8y(y_18yK)] exp <@8yK> . (7.10)

This is an M theory counterpart of the Monge-Ampere equation (@)

To summarize, the most general eleven-dimensional solution preserving 8 supercharges
and SO(6) isometry is given by (.5), it is completely specified by the Kahler potential K
(see ([.9)) which satisfies a Monge-Ampere equation ([7.10). In the remaining part of this
section we will study the system ([.5), (7.9) (7.10) in more detail. We begin with discussing
some known solutions which are covered by the general ansatz ([7.5).

7.2 Examples

The simplest supersymmetric geometries with SO(6) symmetry are AdSy x S” and AdS7 x
5S4, s0 it seems natural to discuss them first. However, to avoid repetition, we will begin
with embedding a more general class of solutions preserving only 16 supercharges, and then
come back to AdS, x S9.

7.2.1 1/2-BPS bubbling solutions

The most general 1/2-BPS solution of M theory was constructed in [R{], where it was shown
that the metric and fluxes are uniquely determined in terms of one function D(z, Z,x) which
satisfies a continual Toda equation:

02eP 1 40,0:D = 0. (7.11)

The explicit form of the solution is reviewed in the appendix [B.3 (see equation (B.21)),
here we will only need to recall that the 1/2-BPS metrics have SO(6) x SO(3) isometries
and coordinate z is related to the radii of five— and three-spheres in a very simple way:
T = %RgR%. Moreover, regularity restricts the allowed boundary conditions for the normal
derivative of D at x = 0:

9;D =0, D — finite

r=0: ax[):%+0(1)

(7.12)
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Thus the entire x = 0 plane is divided into two types of regions with arbitrary curves
separating them (see figure f).

In the appendix B.2 we embed the 1/2-BPS solutions into the more general geome-
try (7.H), (7.9), (F.10) which is parameterized by one function D(z,;Z2.;y). The relation
between 1/2-BPS and 1/4-BPS variables is given by (B.34):

D(z,We™ . 2 We',y) = D(z,%;x), y=axcosh, W =axsinfe L. (7.13)

Here coordinates 6 and ¢ parameterize the two-sphere in the 1/2-BPS solution:

2t\ 12
dQ% = df? + sin? 6 [d <<;5 — gﬂ ) (7.14)
To find interpretation of the boundary conditions ), we recall the relation (B.3§):
cos 00, D 9.D=0—98,D =0
D= ——F7"—=, x=0: 2 y 7.15
Y 1 —sin? 620, D 8xD:%—>ayD:% ( )

Now it is natural to impose boundary conditions at the hypersurface where y = z cos6 = 0:
it consists of the regions described by the last equation as well as points where cosf =
0 and d,D = 0. Thus we see that the lift of 1/2-BPS geometries gives the solutions
of (7)), (-9), (F-10), and for regularity the y = 0 surface is divided into regions with two
types of boundary conditions:

I: 9,D=1+0(1)

7.16
II: 0,D =0, D — finite ( )

y=0:

As we will see in section [[.3, regularity also imposes some restrictions on the derivatives of
Kahler potential in the region I.

The boundary between the regions can be found by repeating the logic which led

to (b.39):
29Z9 = 6_2D(Z’2), D =D —logz. (7.17)

While there are many similarities in the description of 1/2-BPS solutions in IIB
string theory and in the eleven-dimensional supergravity, on the technical level Toda equa-
tion ([.11]) is much more complicated than its IIB counterpart (6.23). In particular, for
the Laplace equation one can easily write down an explicit solution corresponding to the
most general boundary condition (6.24), while it is not clear how to do so for the sys-
tem (.11), (7.12). While we believe that the appropriate solution does exist for any
distribution of droplets, only few explicit solutions are know, and now we will discuss their
embedding into the 1/4-BPS ansatz in more detail.

7.2.2 pp-wave and AdS, x 59

The simplest solution of the Toda equation corresponds to the eleven-dimensional pp-
wave [R(]:

1 2 - 2
x:Zuzv, z—Z:z’(u——v2>, D= (7.18)
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Using ([7.13), we can introduce the variables appropriate for the 1/4-BPS case:

Ly . —id - (u? 2 D u?
y:Zuvcosﬁ, zg =wvsinfe ™, 21—z =1 5 v ), e = (7.19)

It is easy to see that the boundary conditions ([/.1) are satisfied on the surface y = 0,
and one can extract the equations for the surface separating regions I and II. To do so, we
observe that region I corresponds to u = 0, where

i(z1—21) = v? > v?sin? 0 = 29w
Thus the boundary between two regions is a three-dimensional surface
r
Im 2z = —5%k. (7.20)

Once function D is known, one can easily recover the Kahler potential integrating the last
equation in ([.9). In the case of the pp-wave the simplest way to proceed is to eliminate
v, 0 from the expression for y:

2 2
y:%w/%_z_wz, W =l|znl, Z=-izn-2)

This leads to the Kahler potential

u?/4
K = / dilog u[6a* — 2u(Z + W?)]

~2
- %(—4@ +3(Z +W?) +6(20— Z — W?)log)|
i

This expression is not very illuminating, we presented its derivation just to illustrate the
general procedure.

Next we look at AdS7xS?. In this case the solution of Toda equation is parameterized
by the radial coordinate 7 of AdS and one of the coordinates a of the sphere [d]:

p_ r°L7° r? i 3.2
= AT 1+ T cosaeV, 4dr=L73r’sina. (7.21)

The coordinates for 1/4-BPS embedding are

r2 r2 ) r2 )
Y= 173 sinacosf, z; = <1 + Z) cosae, 2= L3 <1 + Z) sin o sin 9€_Z¢(7.22)
and the region I corresponds to 7 = 0 where
z2121 = cosa<1— L_6z222.
Thus the boundary between regions corresponds to an ellipsoid
2121+ L7092 = 1. (7.23)
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This equation reduces to (7.2() if one writes 21 =i + L~9Z; and takes L to infinity.

The AdS;xS” solution works in a similar way:

r2 ' #2\ /4
eP =4L7%/1+ T sin? o, 2 = eV (1 + Z) cos &, 22 = L 3rsin? o,

y = %L‘gr sin? v cos 6, 29 = ng\/ﬁ sin e, (7.24)
the region I now corresponds to a = 0:
2
16122 < rzr—l— 4 L (211_1)2'
and the boundary between regions is given by the surface
16L %27 =1 — % (7.25)
(2121)?
This reduces to (7.23) if we make a holomorphic reparameterization z; — z; 2 and a

constant rescaling of W. Notice that this conformal map exchanges the interior and exterior
of the circle |z1| = 1. This observation is consistent with the fact that AdS;xS* and
AdS,xS” had complementary boundary conditions in = 0 plane.

To summarize, we have shown that 1/2-BPS geometries of [R(] fit nicely into more
general solution (7.5), (7.9) (7.10), and regular geometries must satisfy the boundary con-
ditions (7.16)3® with some additional restrictions on the surfaces separating I and II regions.
We also presented explicit examples of such surfaces which came from the AdS,xS? and
plane wave geometries. In the next subsection we will demonstrate that conditions ([7.1¢)
are required for regularity even for the most general 1/4-BPS solution (which cannot be
embedded into the ansatz of [2(]) and we will also derive the restrictions on the shapes of
the droplets.

7.3 Boundary conditions

As in the IIB case, local equations ([.J), (F.9) (7.10) have to be supplemented by some
boundary conditions. The five-sphere contracts along the hypersurface where e* = 0 and,
since we want to keep gy finite, this implies that y = 0. However, the y = 0 hypersurface has
another region where ¢ = 0 and e* does not vanish. Let us consider regularity conditions
which should be imposed on these two subsets.

I. If e* — 0, then to keep nonzero gy, one should send ¢ to infinity. In the vicinity of
such points it is convenient to parameterize the leading contribution to the metric in

38 As we will see in the next subsection, regularity also imposes an extra restriction on the values of
Kahler potential in y = 0 hyperplane. It can be viewed as a requirement on the ”integration constant’ in
equation (E)
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2

terms of a new function f = ye~2* which remains finite:

4f2 4 dy2 f2 -
ds? = — =L (dt 24 2 |yd02 + = | + 25 h :dz%dz?
s 9( +p) —i-f[y 5+4y + 7 apdztdz’,
- 3 . ~
e = yeP, W=§@—5ﬂl Kfi/%bmuw+/ﬁfD+KMA@,
1 y
—6X _ _ -1/3
e = = |9,D|~ /3. 7.26
70,0 f=10,D| (7.26)

This metric describes regular geometry if function D remains finite as y goes to zero
and

0.0yKo =0,  det(9,0,D)|y=0 #0, 9,D <O. (7.27)

It is easy to see that the last two requirements are satisfied, so in this case the
boundary condition reduces to

y=0: 08,D= é +O0(1), 0.,0,K =0. (7.28)

II. Assuming that e} remains finite, we find the following expansions:

sinh ¢ = ye ™, OyD = ye 8 K = Ko+ y*K1 + y* K>, (7.29)
62)\ dy2
ds® = ———(dt + p)® + 4e**dQE + e ( 2hpd2"dZ” + ——— ) .
9 cosh” ¢

This metric is regular as long as K is a non-singular Kahler potential. Looking at
the right-hand side of equation (7.10)), we observe that this is indeed the case as long
as D remains finite. Thus we arrive at the boundary condition:

y=0: 0y,D =0, D —finite. (7.30)

III. The regularity conditions are slightly more involved near the hypersurfaces which
separate regions I and II. A similar problem for the IIB geometries was analyzed
in section [.§, and now the intuition developed there will be applied to the
eleven-dimensional case.

Shapes of the droplets. As we saw, the hyperplane y = 0 is divided into regions where

2X

either e or y?e~* go to zero, so both factors should vanish near the wall separating

different domains. This suggests natural coordinates in a vicinity of a point on the wall:
X = Y=y (7.31)
In particular, this change of variables leads to the following relations:

y=X2%Y, e*cosh?¢=X%2+Y?=R2% (7.32)
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As one approaches a wall, function R goes to zero, and we require that the metric (7.5):

42 = 27 o ¢(dt + p)? + 42 4 o (hydaida + Y 7.33
8" = ——gcos C(dt + p)* + 4e 5+e iidxtdx +cosh2g“ (7.33)

remains regular at the points where R = 0. Starting with relation between y and X,Y,
one can always parameterize the Kahler metric by v(X,Y’) and three more coordinates Z,
which are orthogonal to it. As we will see, regularity conditions impose certain restrictions
on function v(z4, 2).

Near a point where R = 0, the metric ([.33) becomes singular unless the five-
dimensional sphere combines with radial coordinate X to give a flat six-dimensional space
(ds% =4dX?% +4X 2dQ§), and the metric in remaining five directions describes a flat space
RV, Subtracting ds% from ([7.33) and keeping only the leading terms in powers of R, we
find:

4 dy? B o
2 _ _ = 2 Y2 2 —4 2 sy 4 i 1 3,.]
dss 9(X +Y?)(dt + p)° + aX +X2(X2+Y2) + X “hijdatdx
_ _f 2 2 2 2 (2XdX —YdY)2 —43 3077

= 9(X +Y?)(dt +p)° + [dY XT3 77 + X *hijdztdx’ (7.34)

This five-dimensional space should be orthogonal to ds%, so, after the Kahler metric is
rewritten in terms of (v[X,Y],#,), the contributions proportional to dX and to dX?
should disappears from the last expression. This can only happen if v is a function of one
variable 2X? — Y2, and, without loss of generality, we can set

v=2X2-Y? =2 — g2 (7.35)

Treating this relation as a cubic equation for e**

, one concludes that this warp factor
depends on the Kahler base only through v (i.e. €?* = f(v,y)), then, integrating equa-
tions (7.4), ([-§) for D and K, one finds that Kahler potential is also a function of v and
y only.3 Of course, just as in the IIB case, this reduction of happens only in the vicinity
of the wall. Starting with K (v,y), we deduce Kahler metric and one-form p:

2
hijda'dz? = 202 K|0v|* + 20, K00v = 20, K00v + @)TK (dv2 +1(0 = 0)v|?)

3i _ 3 i
p= 1,00 K0 =00 =3 00K, n=30-0 (7.36)

Substituting these expressions into ([[.34) and requiring the resulting space to be regular,
we conclude that*?
X4 X2y
25 _ 3 _ 2 2 _ 2 2
8UK—2R2+O(R), %(%K—W—FO(R), R =X“+Y~",

ds? = —gndt +dY?+ %&JK 9O + Mdv® + Aon?. (7.37)

39There is also an ”integration constant” Ko(za, Za), and, just as in IIB case, but we will not discuss this
further.
4079 arrive at ([7.37), one should follow the steps which led to (.84), (5.84).
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In the leading order in R, coefficients A; and Ay must be (y, v)-independent. Moreover, ex-
tracting the contribution to 9, K from equations for 92K and 0y0, K, we conclude that the
leading contribution to X 49,K = % + O(R) is a constant. To describe regular geometry,
the metric ([7.37) should correspond to a flat five-dimensional space:

) _
ds? = —gndt + dY? + 00v + Mdv? + Aan? = dY? + dS%.s, (7.38)
then, repeating the steps which led to ([.87), we find a restriction on function v:
00 Oyv + AOv0pv = gO,wipw + O(v),  det(9,vdyw)|y—o # 0 (7.39)

We conclude that a decomposition of y = 0 hyperplane into regions I and II produces a
regular geometry if and only if the function v defining the boundaries of the droplets?!
obeys the relations listed in (7.39). The same differential conditions restrict the boundary
of 1/4-BPS droplets in IIB supergravity (see equation (6.87)), and their consequences were
discussed in great detail in section .J. Here we only mention that some necessary (but
not sufficient) conditions can be formulated as algebraic relations (.8§), (6.89) between A
and derivatives of v:

det (9,0pv + AOquyv) = O(v), det(0,05v)|,_, # 0. (7.40)

As in section [.§, one can show that introducing the droplets whose shapes sat-
isfy (F.39), imposing the boundary conditions (7.29), (.30), and specifying asymptotic
behavior of Kahler potential, one arrives at the unique solution of the Monge-Ampere
equation, which leads to a regular geometry.

One can also discuss probe membranes and M5 branes on the 1/4-BPS geometries ([[.]),
and, following the arguments presented in sections [6.3, .4, it can be shown that the
probe analysis and consistency of supergravity lead to the same requirements for the brane
profiles. Moreover, the restrictions ) prevent droplets from shrinking to branes which
are excluded by the probe analysis (see similar discussion in section [.5).

To analyze topology of the solutions ([7.H), one needs to make minor modifications in
the discussion of section (.7: geometry (7.§) contains non-contractible four-cycles, which
surround the regions with collapsing S°, and seven-cycles, which are constructed by fibering
S® over two-cycle in 9,D = 0 region (see figure [). It is easy to see that such four— and
sever-spheres carry nontrivial fluxes, but explicit expressions for f Fy and f F~ are not very
illuminating.

8. Unified description of bubbling solutions

Looking back at discussions in the last two sections, one observes that, while there are
striking similarities in the descriptions of 1/4-BPS states in ten and eleven dimensions,

41We recall that the domain walls separating the regions are defined by V(ZayZa) = 0.
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the boundary conditions look somewhat different: going from IIB to M theory, one in-
terchanges Dirichlet and Neumann boundary conditions. A similar difference was also
encountered in [2(] for the 1/2-BPS solutions. In this section we will introduce an alter-
native parameterization of IIB solutions which makes the boundary conditions identical
to those encountered in eleven dimensions. The analysis of this section is inspired by the
matching 1/2-BPS solutions with 1/4-BPS ansatz: as discussed in the appendix [B.]), the
”improved” variables for IIB SUGRA arise naturally in the process of embedding. We will
begin with discussion of 1/2-BPS solution.

1/2-BPS case. We begin with recalling the bubbling geometries in M theory R(:

—4A\

ds® = —4e™ cosh? £(dr + V)? + ——— [da® + ePdzdz] + 46202 + 2203
C

osh? &

D
Fy=d|-4a’eMdr + V) + 23 {E_D:Eza:v <ame ) dx + x@xdzDH Nd*Q (8.1)
0D i
—-6x _ Y/ _ oA . _ o
‘ N (1 —20,D)’ 4 2(d28Z dz0z)D, sinh§ = ze "%

The solutions are parameterized by a function D satisfying Toda equation (.1]) and
Neumann boundary conditions ([7.19):

0 {850D:O,D—ﬁn1te, (8.2)

9.D=21+0().

This should be contrasted with situation in IIB SUGRA, where 1/2-BPS solutions are
parameterized by a harmonic function Z(z,%,z) (see (6.29), (6-23)), which satisfies the
Dirichlet boundary conditions [RQ)]:

1
Z(z,Z,x =0) :j:§. (8.3)

However, as we saw in section [6.9, one can also describe ten-dimensional solutions in terms

of function D which has Neumann boundary conditions (B.2) (see equations (f.29), (p.30)):

ds® = —e* cosh? £(dt + V)% + (dz? + dzdz) + e dQ3 + 2% 2N dO2,

€2 cosh? ¢
Lol 4 —ax 2 9D )
Fy = _Zd gre M dt + V) — 3 { 20, " + 20,doD ¢ | A dQ3 + dual,  (8.4)
0, D
_4)\:71: = —1 y — _ED h == _2)\
21— 20.D) 14 i(dz0, —dz0z)D, sinh¢ = ze

The systems (B.1) and (B-4) look strikingly similar, and the boundary conditions (B-3) are
identical in both cases. The differences between (B.])) and (B.4) stem from the fact that in
IIB case the time-like Killing vector is translational, while in M theory it is rotational, so
function D obeys different equations (compare (6.27) and (F.11))). In the systems without
fluxes, the relation between translational (rotational) Killing vector and Laplace (Toda)
equation has been extensively discussed in the past [B4, BH].
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1/4-BPS case. Given the similarities between 1/2-BPS geometries in ten and eleven
dimensions, it is interesting to see whether they persist for the 1/4-BPS solutions as well.
To determine this, we rewrite the IIB solutions (f.3) in terms of a new function D, and
compare the results with ([.5), (F.9), ([.10). Motivated by the discussion of section [.2,
we extend the relation (f.29) to arbitrary 1/4-BPS geometries by making a definition:

1, _
D= i(y 19, K +logy). (8.5)

Then equation for Z (p.9) implies that

1
Z=—yd,D+ 3. (8.6)

Substituting this into (6.9) and introducing e** = ye“, one finds the following metric:

2
ds?y = —e* cosh? ¢(dt 4 w)? + e |20,0, K dz*dz" + 00(312 : + y2dip? | + 1d03,
- ~19,D
w=1i0-0)K, e = f—T@ny’ sinh ¢ = ye 2. (8.7)
The Monge-Ampere equation also simplifies in terms of D:
1
deth,; = 1(1 — y9,D)e*P. (8.8)

We observe that similarities between the type IIB system (B.§)-(B.§) and its M theory

counterpart (((-5), (7-9), ([.10)) are even more striking than in the 1/2-BPS case. Perhaps
this is related to the fact that now Killing vectors are rotational in both cases.

9. Discussion

Since the results of this paper have already been summarized in the introduction, in this
section we will discuss some applications and open problems.

While D branes can be described in terms of either open or closed strings, traditionally
one utilizes open string picture to find the positions of the branes, and then uses this
information as an input for the SUGRA analysis. Along with earlier work [[[7], this article
provides an evidence for plausibility of an alternative approach, where brane profiles are
found directly in the closed-string picture. Then an agreement with open string analysis
serves as a nontrivial check of the open/closed string duality. So far, such agreement
was demonstrated only for configurations preserving eight or more supercharges, and it
would be nice to see whether it persists for branes with lower supersymmetry. It would
also be interesting to understand the nature of the agreement: since DBI and SUGRA
descriptions are valid in different corners of the parameter space, one may unravel some
new non-renormalization theorems.

While discussing bubbling geometries, we encountered a very interesting restric-
tion ([.7) on the shape of the droplets, and it would be nice to acquire a more geometrical
understanding of this conditions. Moreover, since the geometries discussed in section fj
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correspond to 1/4-BPS states in a A/ = 4 SYM, one should be able to find a field-theoretic
counterpart of ([.J). We recall that in the 1/2-BPS case, boundary conditions in
supergravity [RJ] had a direct interpretation in terms of a matrix model on the field theory
side [R9]. Using this correspondence as a guide, one expects to see the condition ([.9) in a
matrix model introduced in [B]], but, to do so, a better understanding of the matrix model
is required. In fact, the quantum mechanical system introduced in [B]] describes 1/8-BPS
states as well, and the most general gravity solution with this amount of supersymmetry
was discussed in [Bf]. It would be very nice to understand regularity condition in this case.
It is also very interesting to find the geometries preserving less than eight supercharges,
since they might viewed as microscopic states contributing to an entropy of the black hole
constructed in [B7).

There are also open problems in the 1/4-BPS case. While the geometries (p.9) give
the bulk description of local states in field theory, the metrics corresponding to 1/4-BPS
non-local states are still not known. In the 1/2-BPS case, the geometries corresponding to
various defects in IIB string [B§] and M [BJ theories turned out to be more complicated
than the solutions of (], and this trend is expected to continue for configurations with
lower supersymmetry. However, the boundary conditions encountered in [B§, BJ] are as
transparent as ones found in [(], so it would be interesting to find their 1/4-BPS counter-
parts. An additional motivation for such investigation comes from the fact that the brane
probe analysis (i.e. an analog of [P4]) has been already performed in [A(].

Finally, the Monge-Ampere equations encountered in this article present an interesting
technical challenge. From the probe analysis, we know that the sources can be freely
superposed, this indicates that Monge-Ampere equations might have some hidden linear
structure. If this is indeed the case, it would be very interesting to find the right variables
which make the equations linear and lead to explicit solutions.
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A. Derivation of metrics produced by brane webs

To construct a geometry produced by a connected string web, one needs to find a super-
symmetric background which fits into the following ansatz:

dstig = —f1dt* + gijdx'da? + fod (A1)

B+iC® = dt AVida!, 7=0C0 4ie® = r(zy).
Rather than solving the equations for Killing spinors on this geometry, we will choose
an alternative path and construct the metrics describing a U-dual system. To be more

precise, we begin with smearing the web in one of the transverse directions and performing
a T duality in this direction. The lift of the resulting IIA solution to M theory gives a
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configuration with SO(6) x U(1)? x U(1); symmetry:

ds? = —e*Adt> + ¢ (dwy + xdws)? + 2P dw? + gyndXMdxN + ezBng
Gy = dt N Wy A dw® (A.2)

To find supersymmetric geometries, we should solve the equations for the Killing spinor
and it turns out that, while an assumption of translational invariance in w; and ws leads
to certain simplifications in these equations, the first few steps towards solving them rely
only on SO(6) x U(1); isometries. Thus we begin with searching for the the most general
solution consistent with latter symmetry:

ds* = —*Adt* + g, dXHdXY + 2B d02
Gy = dt N F3 (A3)

and in subsection [A.4 we will analyze the additional restrictions imposed by the
ansatz (A.J). Our first goal is to solve the equations for the Killing spinor:

1 [ 1
Vil + 5= |~ =

3
m = m = U. A4
538 | 37 /G+2/G7 n=0 (A.4)

Looking at the components of this equation along the isometry directions, one can produce
the projectors which do not contain derivatives of the Killing spinor. We begin with
projectors which correspond to time and sphere directions:

1 1 1
[ fd : — A —_— = A
Vi 144%G77 0 2/9 n 144G77 0 (A.5)
1 1 _p 1 1
all + 5==7a G =0 : ——e BTan+ = OBy + — G = A.
Vn+288fy Gn=0 26 sn—i—2ﬁ 77+288,G77 0 (A.6)

To arrive at the second relation we introduced the standard invariant fermions on the
odd-dimensional sphere with unit radius [[f]]]:

- 7 B
Van = —5%ls7 (A7)

The projectors (A]) and (A.§) can be combined to produce a relation which does not
contain fluxes:

—il'sn+ 0 (B + g) n=0. (A.8)

We can use the diffeomorphisms in five-dimensional space spanned by XM to choose
y = eBA/2

r1,...74. Then the ”geometric” projector ([A.§) determines the y-component of the metric:

to be one of the coordinates and to parameterize the orthogonal subspace by

y=eBHA2 g L dXPAXY = e Ady? + gijdatdal. (A.9)
In this frame the projector ([A.§) reduces to a very simple relation:

iTgn —Tyn = 0. (A.10)
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So far we only discussed the time and sphere components of ([A.4), let us not look at the
remaining seven equations. Using the relation ([A.H), we can rewrite those components as

31

1
Vin — g PAN + 1o Gy = 0
_ 1., e 4
eA/svu(e A8y + ga Avyyum — 4—8F0ffy,m = 0. (A.11)
Convenient rescalings
n =8, e = éZeA/4 (A.12)
lead to simplifications in the equation (A.11)):
L e3A2
Vi — TPO Ayun = 0. (A.13)

Notice that this relation, as well as two remaining projectors (AF), (A-f), does not mix
Ny = (1 +ilg)n and n— = (1 — ily)n, so, without loss of generality, we can impose a
projection

Lon = in. (A.14)

Let us summarize what we have learned so far. Assuming only SO(6) x U(1); symmetry
and introducing convenient coordinates, we showed that the eleven-dimensional geometry
must have the form

ds? = —e2Age? + A2 [e—swdy? + hijd:vidznj] + yPe 403 (A.15)
Gy =dtNF

and the Killing spinor must satisfy the following relations

Z'e—3A/2
P AN — —o— £ =0, (A.16)
Z'e—3A/2
Vun — a8 Ayun =0, (A.17)
Lon =in, il'syp —T'yn = 0. (A.18)
in the reduced five-dimensional space:*?
GudXHdXY = e 342 dy? 4 hyjda'da’ (A.19)

Before we proceed with analysis of these equations, let us count the preserved super-
symmetries. Eleven-dimensional spinor 1 has 32 real components and two independent

projections (JA.1§) reduce the number of components to 8. The projector ([A.1§) breaks

42From now on we will only use the metric which appears in the square brackets in (), so we drop
tildas in the equation ) We will also use Greek letters to denote five-dimensional indices and Latin
letters for the four-dimensional ones.
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one half of the remaining supersymmetries, so it appears that we are dealing with 1/8-BPS
configuration. However a closer inspection of the system (A.16)—(A.1§) demonstrates that
the same bosonic background preserves spinors with both signs in I'gn = +in (while other

signs in ([A.14)-([A.1§) being adjusted accordingly), so, even though we will only look for a
four-component spinor satisfying (JA.16)—(A.1§), the resulting geometries will be 1/4-BPS.

The system (A.16)-(A1§) can be viewed as a set of relations for a spinor in seven
dimensions spanned by matrices (v,,7:,I's). These seven objects are not independent

since the product of gamma matrices in eleven dimensions is equal to one:
Fol'i934'y s = 1. (A.20)
Multiplying this relation by 7 and using projections (A.1§), we conclude that

Iiozan = . (A.21)

The seven dimensional spinor appearing in (A.16)-(A.1§) came from the reduction on

a five-sphere, so it can have at most 8 independent components. The projectors (JA.1§)
truncate the number of components to 2, and after enforcing (|A.1¢) one should end up
with a spinor which is parameterized by one real number. In the remaining part of this

section we will discuss the properties of this one-component spinor in more detail.

A.1 Equations for the spinor bilinears

To find the restrictions on the five-dimensional metric (A.19), we will study the equations
for the spinor bilinears. Since equations ([A.16), (A.17) and their hermitean conjugates will
be used extensively, we rewrite them here for future reference:

je—34/2 je—3A/2
Vi — Tfﬂuﬁ =0, Vin' = TSWTW A3 =0 (A.22)
je—34/2 je—3A/2
DA — e Fyn =0, ' PA = ——n' F3 =0 (A.23)

We begin with solving the equation for the scalar bilinear 1Ty (the choice of integration
constant fixes the normalization of the spinor):

18
Viuln'n) = 220, A0 =0: pip=et (A.24)
Next we look at tensor bilinear:

T = 01 Yu. (A.25)

The second projector in (JA.1§) implies that this tensor cannot have legs in y direction:

1
ije; =0: J = - JudXPNdXY = §Jmnd:rm Adx™. (A.26)

N —
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Let us compute the derivative of the tensor and the exterior derivative of the two-form:
je—34/2 '

251 (a5 + Y A7) 11 (A.27)
je—34/2

8

Viudoa =

3 g g
= __771 (71/)\’7;1 DA+ /814'7;/71/)\)77 + 77Jr ('VV)\Fupcr'Vp + 6Fupo’7p Yor)n

8
Z'e—3A/2

9 4 4
V[;LJV)\} = _Za[,uAJu)\} + 3 WT(V[VAFH]MWP + chr[,u7p /71/)\])77

We begin with simplifying the y component of the last relation:

1 3 ie_?’A/2 Z'e—3A/2
gayjkl = _ZayAJkl +— 0 (i, YPI} Fypgn + T4ﬂky7lTn
1 Z'e—3A/4
= —ZayAJkl + Fiyy (A.28)

To eliminate the term with anticommutator we used the relations which can be obtained
by combining the second projection in (A.I§) with (A.I6):

. —3A/2 : —3A/2
ie ie
Fypy?'n =0, UTayA -

Oy An — UTprqVPq =0 (A.29)

Equation (JA.28) can be rewritten as a simple expression for the flux:
Fiay = i0, (> Jy). (A.30)

Motivated by this relation, we compute the four-dimensional components of the 3-form
d(e34/4]):

3A/4 _ Lt A ie 34/
V(e dyy) = 1€ { DA, Ymr }1 + 3

77T (V[lem]pq'qu + qu[m7pq7kl])77
,L'e—3A/4

= = (Bt Y i = Fpg Y™ Y1 + Frgpm 310177
,L'e—3A/4

8

+ 77T (V[lem]pq'qu =+ qu[m7pq7kl])77

. _3A/4
€
= <qu[mnT’v”q’mm + 2F ot P v + qu[mnT’m]’v”qn>

24
. _3A/4
€
== <Fp[kmnT’vp’nm— Fp[zmnTm’ypn)

7

Combining this with (JA.3(]), we arrive at the final expression for the flux:

F =id(e34/4) (A.31)

Alternatively, we can extract the flux from looking at a bilinear built out of the
projectors ([A.23):

T

0 {uns DAY = 25”20 o, Fn =0

i — loa
60, Ay = 7g° BAL2(12F, 0 + 18F om0 1) = 0.
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Different components of the last equation give:*3

) 1
8yAJkl = %e_?’A/4 <Fylk + §quy€klpq> , (A.32)
21 _
66[mAJkl] = 56 3A/4(lek + qu[mek”pq). (A33)
To simplify the second equation, we observe that
klmsF pq __ 1 kims gy _ 2 mp , sq mq 5P\ [ _ A.34
€ pg[mCkl] T = ge €kl pgm — g(g g-—9°9g ) pgm — 0. ( 3 )

This leads to a very simple expression for the four dimensional components of the flux:
Pyt = 9i€®40y, Adyyy = 3 (dA N T)gim, (A.35)
and, combining it with (JA.31]), we arrive at the equation for J:

0= [d(e?’f‘/‘*J) — 3e34/444 A J] = 34 [d(e—gA/4J)} (A.36)

klm klm

Let us go back to the equation (A:37). First of all, it implies that Ji; is an anti-self-dual
tensor. Further, by substituting the expression ([A.30) for the flux into the right-hand side of
that equation, we arrive at a useful relation between the y derivatives of the tensor bilinear:

ay(e_sA/2€klqupq) + 6_3A/28y(Jpq)€klpq =0. (A.37)

The two-form J is especially useful since it is related to an almost complex structure.
Indeed, we can use the Fierz identities to show that

Trp JP = 347257 (A.38)
This implies that
J I =iqe 3AM g (A.39)

is an almost complex structure on the four-dimensional manifold parameterized by x,,. In
the next subsection we will demonstrate that this almost complex structure is integrable
and we will also discuss a holomorphic two-form.

A.2 Complex structure and holomorphic two-form

To demonstrate that jm” is a complex structure, we need to show that the Nijehuis tensor

Npw? =J, 00 P —J 4] P (A.40)

[n .q] [m ,q]

vanishes. We begin with recalling the four-dimensional components of the equation (A.27):

3 T _
Vndw = —gnT({mm, DAY + 2950y, DADN + 3¢ S/ (UF g, + 2€1P Fpg)
9 3 T _
= —ZJ[klam}A — §gm[1Jk]p8”A + Ze 3A/4(2lek + Eklqumpq)- (A.41)

43Notice that the projector ( implies that nJ“yklmpn = eklmpnTn.
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Taking antisymmetric part, we find

9 3 (.
V[ka]l = —ZJ[klam}A - Zgl[ka]papA + Ze 3A/4(2lek - El[kqum}pq)'

Notce that
1
El[lfim]l"_‘m]pq = _gglmekrqurpqa (A42)

so we need to find the four-dimensional dual of the three-form. To this end we construct
a bilinear using projectors (A.23):

1 _ T _
0= 77T [k, DA + 56 3A/2qur77T7pqu77 = ZOPAJkp + §€ 3A/4qur€pqu

i Fnlpg = —30imer) " Frpg = —6)m OF ATy 34/ (A.43)
Substituting this expression and the one for Fjy,, into (JA.42), we find
9 3 » 9 3 »
Vimdir = =7 Jw0m A = L 91m Tp0” A + 50m A + 591m0" Ay
3
=1 (31101 A + gupm JgpO” A] - (A.44)

Let us rewrite this in terms of an almost complex structure J = je34/4J:
- R . 3 -
3. - - - -
= g [JklﬁmA — IOk A+ 2J. 00 A + glkapﬁf”A - glkJmpapA]

To evaluate the Nijehuis tensor, we need to compute

- - 3 -~ - o~
Jk qv[qu}l = g [_gklamA - Jmleqan + 2gmkalA - glmgkpapA - JlimpapA]

3 _ L
= [—gklﬁmA — Joidy, 10gA + 29,k DA — gimORA — JkljmpapA}

The right-hand side of this expression is symmetric under interchange of £ and m, so
we conclude that Nijehuis tensor vanishes. This implies that J is an integrable complex
structure and we can choose complex coordinates:

1
ds? = 2g,dz"dz", J = §Jmnd:rm Ada™ = e34/4g 2dz® A dZ. (A.45)

Notice that not only the four-dimensional space is complex, but it is also related to a
Kahler space by a very simple rescaling. To see this we recall the equation (JA.36) for the
two-form and rewrite it in terms of the metric g, ;:

d|e342g +dz% A dZ° (A.46)

—34/2

This implies that e 9.5 is a Kahler metric and it can be written in terms of the potential

K(z,z,y). In particular, we find:
Gap = €*20,0, K. (A.47)
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At this point the solution is completely specified in terms of a real function A and
Kahler potential K and the rest of this subsection will be devoted to finding a relation
between them. To extract such relation, we define a new two-form

1
Q= 577T7mn1“ﬁ77 dz™" (A.48)
and compute its derivatives:
T _
V(5 Tn) — = 4200 (yalg By + 9 Fyal' 1) n = 0. (A.49)

48
To proceed it is convenient to introduce a holomorphic veilbein and flat gamma matrices:
Gab = %6?65%37 {Ta, T} =0dap, {la, B} =0 (A.50)
In particular, looking at various components of ([A.45), we observe that
NTapn =0,  n'[Ca,Tpln=0d4p (A.51)

As we mentioned before, n should be viewed as a eight-component spinor in seven di-
mensional space and gamma matrices acting on this spinor are constrained by the rela-
tion (JA.20). To proceed it is convenient to choose an explicit set of seven gamma matrices:

I'o =103 ® 03 ® o3, Py20'1®0'3®0'3, I's =09 ® 03 ® 03,

T _ T _

lo1e10 77, 22107 @03, (A.52)
Fi (o FQ (o

with the following actions of sigmas:
o3l 1) =11, o3l l)==[1), ol =[1), o [T) =] (A.53)
The projector involving I'g leads to the decomposition of the Killing spinor:
n=el| 117) +ea| LIT) +es| [T]) +ea| TLL). (A.54)
Substituting this into ([A.51), we arrive at the relations
eres = eze3 =0, —lef| —[e3| +|e3| + |ef = D lef| = —lef| — |e3] + |e3] + |ef] (A.55)

Combining these relations, we conclude that e; = es = e3 = 0. In other words, the spinor
has only one independent component | T|]) and thus it satisfies the projections

Iyn=0. (A.56)
This relation implies that the two-form (JA.4§) has only holomorphic components:*

Qup = —egA/4eaAeB

b €EAB — —€3A/4€ab, Qab = QFJ) = Qym = 0. (A57)

44\We use normalization €12 = ez = 1. In our conventions the determinant of the metric has the following
expression in terms of curved epsilon tensor: /g = %elzeﬁ.
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Using this information as well as projector (A.23), we can simplify the antisymmetric part

of (A49):
V(" Tsm) — < ‘3A/2F o (T + 777 T13)

18
+57 (0 T (Va7 OA + PAYuAT1z) 1 = 0

T _ 3
8&52,,)@ — ge 3A/2F polu M ’71/)\][ 12,7 ]”7 + 577 ({Fﬁ, ’7[1/)\}8#}‘4 + 36[MA’7V)\]FE) n=20

We are interested in the situation where two of the indices (u, v, A) are holomorphic, then
the last equation simplifies:

1 1 1 _ AB o
3 0uShas + 50uA Q= e V2P Py iy P04 (A.58)

i - _ o
= 4° S22 1, Qaye™ — 26" P Fg g, m'vann

i

2€ABF1‘3y[u N Vap) FzWyU]

_ %6—3A/2 F.B

EB[ Qap) + 2F12[,ﬂ] Yab)"l 5y AB

3”

Faya 1 an}

Here index p takes values a and y. It is convenient to consider these two cases separately.
We begin with y-component:

1 1 T 5 1 Yyl
gayQab + 553114 Qap = ¢ 3472 [FB ByQab - _esA/45ab66d€ABF]§ycedA6AA:|

2

7 1
_ —3A 2 B cB _ —3A 2 ce
= 5e / [F + 5 Faye(—e )] oy = — 1€ /2% Froey Qb

o—34/2

G 3 1
= —Tgceay(egA/4JEe)Qab = [Z(‘)yA + Zay log AV det g:| Q

At the last stage we used the relation (A.49): J,; = e34/%g;.
Simplifying the last equation and using the expression for the holomorphic form (A.57),
we arrive at a relation

1 1

gﬁyeab = Zealﬁy log v/det g (A.59)
To determine the y-dependence of det g, we multiply the last equation by €*

1 1

ge“b(‘)yeab = §8y log +/det g,

and add this relation to its conjugate:

2
g(‘)y log \/det g = 0, log /det g.

This leads to the conclusion that d,(det g) = 0 and to simplification in equation (|A.59):

Oy€ap = 0. (A.60)
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Let us now demonstrate that the anti-holomorphic derivatives Oz¢,, vanish as well. To do

so, we go back to equation (JA.5§):

1 1 T B
gaaQab + 53514 Qap = 66 34/2 [FBB s Qab + 4Fi§[a77T’Yb}677]

= Z.e_?’A/2e¥F— — 0", + 2eap€ T
- 12 efd hed ab ab ec
i —3A/2 __
e
= 12 Gengd |:4géh€hd — 26degeg:| Qab
=F 3
= 3¢/ 0:A g5y gon € Qup = 1 0eA Qap. (A.61)

At the last stage we used the relation e,g" = Zlgal;eE as well as an expression for the field
strength:

TF, ;) = 61>V 1T 0. AT, = —6ic>V/ 2T 9 Agy,,

which can be easily extracted from ([A.35).
Combining equations ([A.60) and ([A.61]), we conclude that

Oyeay = Oseap =0:  d [e—?’A/‘*Q] = 0. (A.62)

Since €4 is function of zo and 25, we can make a holomorphic change of coordinates to set
1 1

ee=1, g= 1626 = (A.63)

Recalling the expression ([A.47) for the metric, we arrive for the relation between e and
Kahler potential:

8151K 8252[( — 8251K 8251K = 36_3A (A.64)

Notice that this relation holds only in a particular coordinate frame defined by ([A.63).

This completes our discussion of the equations for Killing spinors, let us summarize the
results. We began with an assumption that eleven dimensional geometry was static and
had SO(6) symmetry. Since we were interested in the geometries produced by membranes,
we also assumed that the flux was electric. Then, solving the equations for the spinors, we
arrived at the geometry:

ds® = —e*Adt? + e?? [e—3A/2dy2 + 29,3d2%dZ° | + yPe=AdO2 (A.65)
Gy = idt A d(e34/% g 5dz A d2°) (A.66)

Moreover, we demonstrated that the metric A has a simple expression in terms of a Kahler
potential K(z, z,y):

9ap = €20,0,K. (A.67)

and the warp factor e” is determined by ([A.64). Thus the solution is uniquely parameter-
ized by one real function K and in the next subsection we will use the equations fluxes to
find the restrictions on this function.
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A.3 Equations for the flux

Looking at the solution ([A.67), we can easily write down the equation of motion for the
flux Gy4:

dle™TA/2= A5 o 4(3A/4 )] = 0 (A.68)

Here five-dimensional Hodge duality is taken with respect to the metric which appears in
the square brackets in ([A.65) and the two-form J has been introduced before (see ([A.4)):

J =g dz A dZP (A.69)
We begin the study of ([A.6§) with analysis of the terms which do not contain dy:
d[e—7A/2—A/4+3A/4y5 %4 8y(e3A/2j)] —0=4d, [6—3A %4 8y(e3A/4J)] (A.70)

Using the relation (A.37) and anti-self-duality of J, we can rewrite the last equation:
9
0=dy [6—9/4/4 (—Gy(*J) + 0y A x Jﬂ = dy8, (e 1))

This is an integrability condition for the equation which has been encountered before.
Next we look at the y-component of the field equation ([A.6§):

Oy [e73490 4 Gy(e3A/4J)] — dy[e 2% sy dy (34 0)] =0 (A.71)
To rewrite the first term we again use equation (A.37) and anti-self-duality of J:
e 34 5y 8,(AV4T) = 9, (e VA T) = 8,0,0, K dz® A dZ°, (A.72)

and to simplify the second term, we use equation (JA.36) as well as anti-self-duality of .J:

dale™ 2 sy dy (e A1T)] = 3dye ™A xy (dyg AN JT)] = —3dye P41 ,,P0, Ada™)
= —3dy[e 30, Adz® — 8, AdZ")] = —20,0pe 34 d2® A dZ°

To go to the second line we used the relations
Job =34t b= _e3A/4sD. (A.73)
Using all this information, equation (A.71) can be rewritten as
Ay9uOp K + 20,0524 =0 (A.74)

Since (anti)holomorphic functions can be added to the Kahler potential, we can choose the
gauge where

AyK +2e734 =0 (A.75)
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A.4 Solution with SO(6) x U(1)? x U(1); isometry

In this appendix we constructed the most general SO(6) x U(1);-invariant geometry which
is produced by supersymmetric membranes. However, in order to describe the string webs
in IIB string theory, we are interested in the solutions with two extra isometries (see
ansatz ([A.2)). In this subsection we will discuss the additional restrictions which are
imposed by these symmetries. First of all, it is clear that the coordinates wy and wo are
orthogonal to the y-direction, so one can repeat the earlier arguments to arrive at the
geometry ([A.15), but now the four-dimensional metric is given by

gijd:rid:rj = g}agdwo‘dwﬁ + gundr™ary (A.76)

and all functions are invariant under translations in wi, we. Our goal is to establish the
connection between w, and the complex coordinates z,. To simplify the w-components of
the equation ([A.17) we observe that the ansatz (A.J) implies that

F =37 W, (A7)

Since we are planning to perform a reduction and T duality in the isometry directions, the
Killing spinor should not depend on w,, then the differential equation (JA.17) simplifies:

1 Z'e—3A/2

19T 76

Y W 55am = 0 (A.78)

To extract an expression for W,n, we compare the last relation with equation ([A.23):

i6_3A/2

DAn — ’yﬁ MW gn = 0. (A.79)

Since 7y, commutes with ¥, the last two equations can be combined to yield
Z'e—3A/2
2

3
wWal) + 5% DAn — Wan=0 (A.80)

Applying an operator 7, (1 — iI',I'g) to this relation and using projector (|A.1§), we arrive
at the relation which does not contain Fy:45

3 .
_8y9a67577 - 570:83;1477 —e 3A/2(Wa)yM7M77 =0 (A'Sl)

Assuming that a tensor (W, ), has at least one nontrivial component,*® we find a projector
involving 7, and y;:

(%Yo + b yar)n = 0 (A.82)

45To arrive at this equation we used an expression for the spin connection: we = —( Hgas)y’.

461f all components of (Wa)yar vanish, then, by applying an operator (1 —4I',I's) to the relation (|A.8(),
we can again arrive at () as long as £ is not identically equal to zero. The latter case is degenerate
and we will not discuss it further.
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Due to projectors (A.1§) and ([A.20), the product of four gamma matrices acts on the Killing
spinor in a very simple way, so we can find another relation which is ”dual” to (A.89). These
two relations can be combined to give independent projectors:

YN = a5 Yan = i(aGed)Tan. (A.83)
Notice that Ef; = af,;e5 can be viewed as a veilbein in the 7, ro directions:
290 nn = {y YN I = B3 ER{Ta, I }n = 202 B3 ER 1. (A.84)

We can also use reparameterizations in 71, r subspace to set a§; = ;. Assuming that the
coordinates and the vielbein are chosen in this fashion, equation (JA.83) can be rewritten as

(ar — i055)n = 0. (A.85)

(]

These relations must be consistent with holomorphic projectors (A.5(), so, going to
complex coordinates and using ([A.5(), we can rewrite the last relation as

oz ., 0z°
<8’]"—M - Z(Sj‘\%@) Yall = 0. (A86)
Since spinor 7 is constrained by (JA.56), the last relation can be satisfied only if the
coefficients in front of 7 and 75 vanish separately, so we find

%_.82“

7 a
orm ow™

Y

= 2%(r1 — dwy,r2 — fwo). (A.87)

By making a holomorphic reparameterization, we can choose convenient coordinates
coordinates:

z1 =711 + Wy, Z3 = T9 + twa. (A.88)

Notice that apriori the new coordinates are not consistent with the gauge choice which led
to (A.79), so we have to go back to a more general equation ([A.74)). In the present case
the Kahler potential does not depend on w, so both holomorphic and anti-holomorphic
derivatives should be replaced by the variations with respect to corresponding r and
equation ([A.74) becomes

OON(AYK +2e734 =0 A K +2e734 = h(y) (A.89)

Since Kahler potential can be shifted by an arbitrary function of y without affecting the
metric, we can again impose the gauge ([A.75):

A K +2e734 = 0. (A.90)

To summarize, we showed that solutions which have two translational isometries, in
addition to SO(6) x U(1), are still described by the system ([A.65), (A.64), (A.79), and the
isometry directions must be related with complex coordinates in a very simple way (|A.8§).
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A.5 Summary of the solution

Let us collect the results derived in this appendix. We have found the most general eleven-
dimensional geometry which preserved eight supercharges along with SO(6) x U(1); bosonic
isometries:

ds? = —e2Adt? + 26?4 h 3dzdz" + e~ (dy? + y*dQ2) (A.91)
Gy = idt Ad(e3hgd2® NdZ),  hp = 0.0,K.

The solution is parameterized in terms of the Kahler potential K(z,Zz,y) which should
satisfy two differential equations (A.64)), (A.75):

= = = = 1
WO K 000K — 020K oK = —cAYK,  AYK = —2¢734, (A.92)

It is easy to guess a generalization of the solution (JA.91)) to the situations without SO(6)
isometries:

ds? = —eAdt? + 2e* b pd2%dzb 4 e Adys (A.93)
Gy = idt A d(e3hgdz* NdZb),  h,p = 0,0, K. (A.94)

Starting with this ansatz, we can explicitly check that conditions for supersymmetry
and equations of motion are satisfied as long as Kahler potential obeys the differential
equations (A-64), (A.75).47

To find the geometries produced by the string webs, one needs to look at eleven dimen-
sional geometries which have two extra translational isometries in addition to U(1); xSO(6).
The restrictions coming from this requirement were discussed in the last subsection where
we found that the complex coordinates must have the form

z1 =T1 + Wy, Zg = T9 + twa, (A.95)

where w; and ws are the isometry directions. To find the IIB solution describing the string
web, we write the eleven dimensional metric in a slightly more explicit form:

ds?; = —e?Adt? + A hgy (dwdw® + dridr®) + e dys (A.96)
Gy = dt Nd(e3Ahgy dr® A duw®),  hg, = %&@)K (A.97)

Reducing this geometry along w; and T dualizing along wsy, we find the solution in IIB

SUGRA:

3A

dstig = Vb1 [—egAdt2 + e hapdr®dr® + Zeﬁdw% + dyg} (A.98)

1 h
= 0O =22 B3y, dtndr?, P = ehy, dt Adr®
deth h11

Recalling that equation ([A-64) implies a very simple expression for the determinant (deth =

e734), we arrive at the metric in the Einstein frame:

dng — ¢ 3A/4 [—(33‘4a€t2 + e3Ahabdr“d7‘b + dw% + dyé] . (A.99)

47Similar checks for other brane intersections were performed in [ﬂ]
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B. Embedding of 1/2-BPS bubbling geometries

In section [f we discussed bubbling solutions preserving eight supercharges, in particular,
1/2-BPS geometries constructed in [R0] fall into this category. However, embedding of
1/2-BPS geometries into the general ansatz (p.2) requires some algebraic manipulations,
and we present them in this appendix. We will also embed the 1/2-BPS solutions of M

theory [RQ] into the ansatz ([7.5).

B.1 IIB supergravity

Ten-dimensional case was discussed in section [.9, where we wrote down an embedding of
1/2-BPS solutions of [R(] into the general 1/4-BPS geometry (F.9). Here we will derive the

relations (p.26)—(6.29).
Half-BPS geometries constructed in [R(] were parameterized by one harmonic function
Z (z,Z;x), and, with slight change of notation, the metric can be written as

ds®> = —h72(dt + V)? + h? (da? +dzdz) + zef d03 + ze 103, (B.1)
~ ~ 1
h™2 = 2z cosh H, (dV),z = %GxZ, 20,V =i(dz0, — dz05)Z, Z = 3 tanh H,

xT

40.0: 7 +x0, % ) = 0.
To compare this with (b.2), we identify the three dimensional sphere appearing in (f.9)
with S in the metric (@) while embedding the Killing direction ¢ from (f-3) into S3:
dQ = db? + cos? Ody* + sin® 0dg?. (B.2)

As discussed in section f.2, this identification follows naturally from the analysis of the
R symmetry group. Once the embedding of S® and v is specified, we can compare the
appropriate warp factors in (B.9) and (B.1]), this leads to the following relations:

H _ ,—H.2
y = xcosb, eG:i, Zzltanthleie (B.3)
cos 6 2 2efl +e~HeZ'

By comparing the coordinate dependence of the Killing spinor in 1/2-and 1/4-BPS cases,
one concludes that an appropriate coordinate on the Kahler base in (.9) is ¢ = o+t rather
than ¢. Implementing this shift in (B2))~(B-3) and comparing with (f.3), we reproduce
the correct g4 and find the expression for one-form w:

cosh H e~ tan? 6
= Vv do. B4
YT Cosfcosh G + eG +e G ¢ (B4)

Let us now extract the metric of the four-dimensional Kahler space appearing in (p.9). We
begin with looking at the line element in the (x,0) subspace of (B.]]) and subtracting the

dy? term from (6.9):

A dy? ycosh H [e! sinfdx ?
ds2 -« —H 492 — = 0
200 = Srcomnd T 2ycoshG e cosh G [ 2ycosh H
~H cosh H o1 ?
_ eﬁ% [d(:n sin 0) + (Z —~ 5) sinﬁd:v] (B.5)
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To proceed its is convenient to introduce a new function*® D:

Z— % = —x20,D. (B.6)

Rewriting the metric (B.5) in terms of D, one finds

e H cosh H

ds;al = Joosh G [eDd(:E sinfe D) + zsin 6d, D) ? (B.7)

Here do denotes a differential along the directions z, 2. The structure of equation (B.7)
suggests that it is convenient to trade variables (x,#) for new coordinates

y = xcosb, W = zsinfe P, (B’8)

In particular, as we have shown, these two coordinates are orthogonal to each other.

Notice that the relation (B.6]) does not determine D uniquely: any function of (z, 2)
can be added to it without affecting (B.g). To fix this ambiguity, we rewrite the expression
for z-derivative of V in terms of D (see (B.]):

20,V = i(dz0, — dzds) [Z — %} = —i20,(d2d, — dz0;)D. (B.9)

This relation implies that D can be determined completely, by requiring that
V = —i(dz0, — dz03)D (B.10)

in addition to (B.10).
Let us now look at the t—¢ subspace. We already extracted the expression for w, and
now we evaluate the rest of the metric:

dsf@ = —2zcosh H(dt + V)? + ze " sin? §(d¢ — dt)*

x cosh H 9 9

x cosh H
eG cosh G

= —h7(dt + w)* +

+ |y?h%e 2% tant 0 — tan? 6 + ye~C tan® 0| do?

Simplifications show that the last line gives vanishing contribution:
e ¢ 9 coshH 1 e ¢ 9 e~ sin?6
L tan’0 - R S N PR N . L
2cosh GG cosh G cos 6 2cosh G 2cosh G cos 6
Using expressions (B.7) and (B.11)), we can extract the Kahler metric appearing in (f.2):

20,0, K dz0dz" =

Z + % e H cosh H y?
h? ycoshG | cot?6
B [cosh H P

dzdz
(V + dg)® + €22 (aw + deD)Z} + 2 Z]

h—2

2 2 2 G7i2 _
cosh C cosg WV +de)” + (dW + Wdp D)} +yeTh dzdz} (B.12)

48 This definition was inspired by the discussion of the M theory case, where function D arises in a more
natural way (see next subsection).
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Let us try to guess the complex structure. We already have a natural complex structure
in two dimensional space spanned by 2z, Z, so only the terms inside curly bracket
in (B.12) need additional analysis. The metric appearing there can be simplified using the
expression ([B.10) for V:
ds2 = W? (d¢ — i{8.Ddz — 9;Ddz})? + (dW + W{d.Ddz + 8:Ddz})*
= dW? + W?d¢? + AW?0,D9:Ddzdz + [20,Ddz(WdW — iW?dg) + c.c.] .

This relation suggests a natural complex coordinate w = We'?:

ds3 = (dw + 2wd, Ddz)(dw + 2wd; DdZ). (B.13)
Now the Kahler metric and one-form w can be rewritten in terms of complex coordinates
z and w:
= o -b cosh H ¢*P ~ 2 G2 g
20,0, Kdzdz’ = | ——— dw + 2wd,Ddz| + ye~ h*dzdz
cosh G cos 6
coshH  « ~ ie Ctan?6 w
= —i——(0,Ddz — 9;Ddz) — ———~dlog — (B.14
v ZcochoshG(a z=9 ?) 2 G +e G ng ( )

Notice that the derivatives 8; and 55 are taken at constant # and x, in contrast to 0, and
0z which are taken at constant y and W.
To find the relation between D and Kahler potential parameterizing 1/4-BPS geome-
try (6.9), we evaluate the determinant of the metric ([B.14):
1 eG—|—2D 1 1
dethyy = ~———= =~ ( Z+ =) *P B.15
b = 1 oG {¢—C 4< +2>e (B-15)
Comparing this with corresponding equation in (f.3) (and choosing the gauge W (z) = %
there), we relate D and derivative of the Kahler potential:

y_layK =2D —logy. (B.16)

To summarize, we showed that 1/2-BPS bubbling solutions constructed in [2(] can be
embedded in the more general 1/4-BPS ansatz. To construct the appropriate map, one
should first rewrite the 1/2-BPS geometries (B.])) in terms of function D rather than Z:

1 -
20, D = 5 Z, V = —i(dz0, — dz0s)D. (B.17)
Then, defining a new variable y and holomorphic coordinates z, w:
y=xcosf, w=xsinfe DT (B.18)

one arrives at the map (B.16) between (B.1)-(B.2) and (p.2).

In section [p.9 we also needed the expression for 9, (which is taken at constant z, #) in
terms of J, (which is computed for fixed z, w). To find the desired relation, we consider
various differentials at constant values of (z, z, w, w):

dW = e P [sg(1 — 20,D)dx + cozdf] = 0 : dy = copdx — xs9dh = d—w(l — 2550, D)

Co
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This leads to a general expression for d, in terms of 9, and we will be particularly interested
in its implications for the derivatives of D:

 cg0:D
1- ngawD'

Co

Oy = —————
Y 1—s§:178mD

0y, 9,D (B.19)

We conclude this subsection by noticing that the linear equation obeyed by Z implies
a simple Laplace equation for function D:
40.0:D + 2710, (20,D) = 0. (B.20)

B.2 M theory

Let us now embed the 1/2-BPS eleven dimensional solutions constructed in [R{] into the
general 1/4-BPS ansatz ([[.H). We begin with recalling the metric found in [RQ]:

—4x _
ds® = —4e®* cosh? €(dr + V)2 + X [da:Q + ePdzdz| + 4P dO2 + 221 d02
cos
D ’ - _
e 0N = 87~, V= 1(82 —0z)D, sinh& = xe 3A (B.21)
z(1 —z0,D) 2
Comparing this with ([7-5):
2 4e* 2 2 2X 72 —4) iy j dy?
ds* = ———cosh” {(dt + p)° + 4e**dQ%s + € hijdz'da? + |, (B.22)
9 cosh” ¢

we observe that function e* appearing in both metrics is the same. To make further
comparison, we write the metric on S? as

d3 = df* + sin? fd¢? (B.23)
and introduce a shift and a rescaling:*° (5 =¢—21, T= % This leads to identifications:
cosh? ¢ = cosh?¢ — sinh? €sin?f = 1+ (sinh & cos0)? 1 y = xcosé.

x2 sin? fe—0A 1 cosh?¢ 3
Y (V+zdp | = = tan® @ tanh®Cdp (B.24
1+ y2e=6 < * 2 ¢> 3Vcosh2C * g van vhan Cdg )

p=3V-+3

To extract the metric of the four dimensional Kahler corresponding to (B.21)), we begin
with looking at the x—f subsector:

6_4)‘(1332 6_4)‘dy2 6_4)‘ spdx 2
d 2 — + 2 —4)\d92 _ — < + h d9> B.25
0L = sk § v cosh®¢  cosh?¢ \ che e ( !
ch2 ~ Ch2 7 > ~\ 2

49This change of variables can be extracted by comparing Killing spinors for 1 /2 and 1/4-BPS solutions,
but we will not present the argument here.
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Here ds denotes a differential along the directions z, zZ. To simplify the last expression the
following relation was used:

1 1’26_6)\ _
— 1= =—20,D B.26
ch2E 1+ 22¢-6X L0z ( )
The structure of equation (B.25) suggests that it is convenient to trade variables (x, ) for
new coordinates

y = xcosb, W = zsinfe P, (B.27)

In particular, as we have shown, these two coordinates are orthogonal to each other.
Let us now look at the t—¢ sector. We already extracted the expressions for g4 and p,
and now we evaluate the rest of the metric:

2 2\ 2, (dt ? 2 —4N 2 2 \°
dsis = —4e”cosh"§ | ——+V | +a%e " sin"0 dqﬁ—gdt

3
42X ch?sh? 1 2
- _eT cosh? C(dt + p)? + 4¢* §h2 £ 52 (V + §d¢> (B.28)
¢
ch2sh? shi
+a2e P sin? 0dg? — e 75}12 §S§d¢2 + e”ﬁsgd&
¢ ¢

Simplifications show that the last line gives vanishing contribution:

2.12 4
o Cheshe she o, 1, 4 2 2
S ¢ — ch% %89 = %(Shg + Shﬁ — ChEShﬁ) = 0 (B29)

Using expressions (B-2§) and (B.2§), we can easily extract the Kahler metric appearing

in (B.22):
e[) dzdz

—ohZe (B.30)

i g Chg 2D % 2 1 ?
hijdada? = —Se <dW n Wd2D> faw? (V+=do) | +
ChC 2

Let us try to guess the complex structure. We already have a natural complex structure
in two dimensional space spanned by z, zZ, so we only the square bracket in (B.3Q)
needs additional analysis. The metric appearing there can be simplified using the

expression (B.21]) for V:

ds? = (dW + W{8.Ddz + 0:Ddz})* + W? (d¢ + {0, Ddz — 9:Ddz})?
= dW? + W?d¢? + AW?0,D9:Ddzdz + [20,Ddz(WdW + iW?dg) + c.c.] .

This relation suggests a natural complex coordinate w = We™®:

ds3 = (dw + 2wd, Ddz)(dw + 2wd; DdZ). (B.31)
Now the Kahler metric and one-form p can be rewritten in terms of z and w:
i, cosh? 5€2D 5 _ _z . ePdzdz
hijdz'dx’ = m(dw + 2w0, Ddz)(dw + 2wozDdz) + osh®E
3cosh?¢ = - U /A 9 w
p = mz(@Ddz — 0;Ddz) + 1 tan® @ tanh” (d log p (B.32)
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Notice that the derivatives 52 and 55 are taken at constant # and x, in contrast to 9, and
0z which are taken at constant y and w. The relation between these two sets will be found
below. Even without knowing such map, we can extract a very useful relation by taking
a determinant of the metric (|B.39):
3D
deth ;= —— B.33
% ™ 4 cosh? ¢ ( )

Comparing this with equation ([.§), we conclude that D = D. In principle, the relations

D(We™ zy) = D(z;2), y==xcosf, W =azsinfe P (B.34)

provide a complete embedding of 1/2-BPS states [P(] into the more general ansatz ([[]),
but to gain a better understanding of this map we will now study it in more detail.

It is very useful to relate various derivatives appearing in the description of 1/2-BPS
states with their counterparts for 1/4-BPS geometries. To find the relation between (9, d;)
and (0, 0z), we consider a variation of D keeping 6 and z (and thus y) fixed:

9;DdX" = 8;D|ywdX" + 0w D|xydW = 0;D|,,dX" — dwD|x,Wd;DdX* (B.35)
Solving this equation we find the expression for d,D:

a,.D d,D

9.D = - = z .
1+WowD 1+ wdyD + wdyD

(B.36)

and a similar relation for d:D. To simplify this further, we need to evaluate the derivative
awD’)(,y = E?xD . 8Wa:\X7y:

> _ 2
AWy x = Ox(ve™")spd + wege™ P db)]y x = [ax(xe_D)se + xcee_DycTe dx
9

N 1 i L2
=e P [—:L's(gamD + —] dr = G_D%d:n
S0 sg cosh” &
aW[)|X7y _ ef)awbse 6082125 _ eD;psgg—GA _ tanth’ 1 _ COShzg.
cosh” ¢ cosh” ¢ wecot20’ 14+ WoyD  cosh®¢

Here we used equation (B.26) and definitions of ¢ and . Now the expression for p (B.39)
can be rewritten in terms of derivatives appropriate for the 1/4-BPS case:

p= %(@Ddz — 9:Ddz) + %Wﬁwbdlog% = %(dz@z + dwdy — cc)D  (B.37)
This equation agrees with ([7.€).
To find the relation between 0, and 0,, we consider various differentials at constant
values of z,z, W:
: do

dW = e P sp(1 — a:ax[?)da: + cea:de] =0: dy = cpdx — xsgdd = —(1 — azsgax[?).

Co
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This leads to a general expression for 9, in terms of d,, and we will be interested in its
implications for the derivatives of D:

Cgax[)
1-— ngﬁwb

Co

=2 9, 8,D=
1—8§x8me Y

d, (B.38)

Recalling the expression (B.2§) for the z-derivative of D, we can simplify the last relation:

come—6> ye A

D — — B;
% 14 c2a%e A 1+ y2e= 62 (B.39)

Comparing this with similar relation in ([7.§), we conclude that
dy(D — D) =0 (B.40)

This serves as a consistency check of the map ([B.34).
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